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Abstract: The generation of dissipative cavity solitons is one of the most intriguing fea-
tures of microresonator-based Kerr frequency combs, enabling effective mode locking of
comb modes and synthesis of ultrafast pulses. With the Lugiato–Lefever model, here,
we conduct detailed theoretical investigations on the transient dynamics of dissipative
cavity solitons and describe how several intrinsic effects of the Kerr comb disturb the
stability of cavity solitons, including soliton breathing, higher order dispersion, dispersive
wave emission, and cavity mode coupling. Our results and analysis agree well with re-
cent measurements and provide insight into some as yet unexplained observations.

Index Terms: Nonlinear optics, parametric processes, microcavity devices, nonlinear
optics, four-wave mixing.

1. Introduction
Ultrahigh quality-factor dielectric microcavities have emerged as the leading platform to realize
Kerr nonlinearity based optical parametric oscillation (OPO) and unique frequency combs [1], [2].
With well-tuned cavity dispersion and pump configurations, parametric Kerr frequency combs
have recently been advanced [3]–[7], with applications in laser spectroscopy [8], [9], astronomi-
cal observations [10], and high-speed optical communications [11], [12]. Studies include octave
spanning frequency combs [13], [14] and stable frequency combs towards mode-locked ultra-
short pulses [7], [15]–[20]. These frequency sources are considered promising alternative plat-
forms to span the RF and optical domains, with high repetition rates and compact footprints.

Pumped by a stable monochromatic continuous-wave (c.w.) laser, Kerr comb originates from
the first-order OPO sidebands (also referred as primary comb lines) symmetrically generated in
the modulation-instability bandwidth. As the intracavity pump power is further increased, cas-
caded four-wave mixing (FWM) transfers energy from the primary comb lines to more frequencies
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[19], filling up each cavity resonance that spans hundreds of nanometers, and eventually forms
an optical frequency comb. Moreover, by properly tuning the pump laser into cavity resonance,
mode-locked frequency combs corresponding to ultrashort temporal pulse trains are recently ob-
tained in microresonators [7], [16], [17], [21], [22]. Particularly, in anomalous dispersion resona-
tors, mode-locked pulses are temporal dissipative cavity solitons that emerge between the
delicate balances of 1) parametric gain and cavity loss and 2) nonlinear phase shift and disper-
sion of the passive resonator [21], [22]. In this study, we focus on the detailed transient dynamics
from the c.w. pump field to dissipative cavity soliton pulses. We will consider several fundamental
effects associated with Kerr comb based dissipative cavity soliton, including breather solitons,
higher order dispersion, soliton dispersive wave emission, as well as cavity mode crossing, and
we will elucidate their impacts on soliton stability.

The theoretical model is based on Lugiato–Lefever equation (LLE), the driven-damped nonlin-
ear Schrodinger equation which is frequently adopted to describe Kerr comb dynamics in optical
microresonators [25]
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Here, EðtÞ is the slowly-varying envelope of the intracavity field, and TR is the cavity round-trip
time with its reciprocal being the cavity FSR. t is the slow time describing the evolution of comb
field over TR and � describes the fast oscillation of intracavity filed. � and � denote the cavity at-
tenuation per cavity length L and coupler transmission coefficient respectively. �0 is the phase
shift acquired by the inner cavity field after circulating one cavity length L, which essentially rep-
resents the detuning between pump frequency and the corresponding cavity resonance. �k de-
notes the k th order dispersion of the resonator and � is the Kerr nonlinear coefficient. E in is the
c.w. pump field that continuously drives the cavity. Realistic values of these parameters are cho-
sen from practical silicon nitride microring resonators, specifically, cavity-free spectral range
(FSR) is 108.7 GHz, corresponding to a roundtrip time TR ¼ 10:22 ps for a cavity length
L ¼ 1:22 mm, � ¼ 1 W�1m�1, � ¼ 0:0009 ðQ ¼ 3:10� 106Þ, and � ¼ 0:0009. Higher order non-
linearities such as Raman scattering and self-steepening are relatively weak and have not been
experimentally observed so far for approximately 400 nm wide microcavity frequency combs.

We numerically integrate (1) via symmetric split-step Fourier method, with 512 modes in-
cluded, the frequency resolution is 108.7 GHz (single FSR) and the timing resolution is
TR=512 � 18 fs. The pump laser is a 1600 nm c.w. laser with 150 mW power (about 2 times of
the parametric oscillation threshold), with vacuum noise modeled by one photon per mode with
random phases on each discrete spectral bin. The phase detuning is linearly scanned at a rate of
10�7=TR from blue to red frequencies, corresponding to pump frequency decrease at 1.7 kHz/TR ,
such pump scanning is helpful for comb phase-locking and the generation of cavity solitons in the
soft excitation regime (initially empty cavity) [7], [17], [26], [28]. Thermal effects of microresonator
are not included in our model since the comb dynamics are considered all operating within the
self-thermal locking regime [16], [17].

2. Stable Dissipative Cavity Soliton Generation Under Pure
Second-Order Dispersion
Fig. 1 shows the LLE simulated comb evolution and the generation of cavity solitons with pure
second-order anomalous group velocity dispersion (GVD): �2 ¼ �18 fs2=km. The pump detun-
ing is scanned from �0.003 to 0.028 at a rate of 10�7 per cavity roundtrip time. It is seen from
Fig. 1 that, at smaller detunings [Region i, as denoted in Fig. 1(c)], the c.w. pump laser first
generates the primary comb lines, giving rise to stable features (Turing pattern) in temporal do-
main [19]. As the pump detuning increases (Region ii), multiple primary comb families begin to
overlap with unlocked phase relations, and the whole comb spectrum starts to wobble and in
temporal domain we see random waveforms(chaotic region) [27]. (We note that in [32], the
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authors observed comb dynamics akin to injection locking as the primary comb families overlap;
the case shown in Fig. 1 is not the case.) These random waveforms can be sustained in the cav-
ity since the c.w. pump consistently provides sufficient parametric gain to compensate the cavity
loss. As the pump detuning is further increased (Region iii), for the majority of intracavity wave-
forms, the pump field beneath them has a larger detuning-based phase shift than the nonlinear
phase shift ð�0 > �NLÞ and thus the intracavity pump power and parametric gain both decrease,
which can no longer compensate the loss and the waveforms damp out. Meanwhile, for a num-
ber of higher fluctuating waveforms the supporting pump background is still strong enough,
which provides sufficient gain and these waveforms are sustained in the cavity. Succinctly
speaking, for the generation of stable cavity solitons under the Kerr nonlinear shift of cavity res-
onance frequency, the high peak power pulses should experience smaller effective detuning
(and equivalently, higher parametric gain) than the low power c.w. pump background. Further-
more, with the effect of cavity dispersion, the remaining waveforms first evolve into breather
solitons (Region iii) [22] and then stabilize as stationary cavity solitons (Region iv) [20], [21].

Particularly, in Region iv, as the pump detuning increases, the temporal width (spectral width)
of cavity solitons decreases (increases), while the c.w. background decrease, as shown in
Fig. 2(a) [17]. Moreover, we note that in this regime, the increase of pump detuning does not
lead to pronounced annihilation of the solitons. As shown in Fig. 1(b), the number of solitons
within one TR barely changes as the pump detuning increases from 0.012 to 0.022. The only de-
crease of soliton number is due to the collision between the two most closely-spaced solitons.
These results imply that under pure second-order dispersion, dissipative cavity solitons are
quite stable, and there is no appreciable nonlocal interaction between solitons even when there
are multiple solitons within the cavity circumference.

To confirm the stability of dissipative cavity soliton, we then conduct 15 independent simula-
tions with identical LLE parameters as in Fig. 1 but with different initial vacuum noise seeds,
and record the number of solitons [see Fig. 2(b)] and intracavity comb powers [see Fig. 2(c)]
at different pump detunings. It is shown that, although the number of solitons varies from

Fig. 1. Simulated Kerr comb evolution with pure second order dispersion, as the pump detuning is
scanned from �0.003 to 0.028 at a rate of 10�7 per TR . (a) Comb spectrum. (b) Temporal wave-
forms. Moving of solitons with respect to the reference frame is due to a small artificial mismatch
between the pump mode and the center frequency grid used in the numerical simulation, which
does not influence the physical dynamics tested here. (c) Normalized intracavity comb power (with
the pump excluded, blue) and pump detunings (red). The labels i to iv divide the comb evolution
into four stages corresponding to different soliton regimes.
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simulation to simulation rooted in the effect of initial noise seed in the modulation-instability
based OPO process [24], [33], [42], besides a few rare cases of cavity soliton loss due to local
collision (the first and ninth realization), the number of stable cavity solitons is indeed indepen-
dent of pump detuning after they stabilized ð0:012 G �0 G 0:022Þ. Notwithstanding, after the de-
tuning goes beyond the upper boundary for cavity soliton ð0:022 G �0Þ, all cavity solitons vanish
concurrently [see Fig. 1(c)] [17], [22].

Meanwhile, it is important to note that, prior literatures demonstrated the discrete reduction of
solitons correlated with pump detuning scanning [17]. Based on our discussion above, it is spec-
ulated that such discrete reduction of well-separated solitons is attributed to extra mechanisms
that disturb the dissipative cavity solitons in microresonators [29]. In the following sections, we
will describe and analysis several processes that cause instability to Kerr comb based cavity
solitons.

Fig. 3. Simulated frequency comb evolution as the pump detuning is scanned from �0.003 to 0.008
at a rate of 10�7 per TR . (a) Comb spectrum, (b) temporal waveforms, and (c) intracavity comb
power (blue) and pump detunings (red). Labels in (b) indicate different dynamics caused by
breather soliton interactions. Moving of solitons with respect to the reference frame roots for the
same reason as described in Fig. 1(b).

Fig. 2. (a) Intensity waveform of cavity soliton at different pump detunings (solid lines) and the soli-
ton phase profile for detuning �0 ¼ 0:017 (dashed green line). (b) Number of solitons at different
pump detunings extracted from 15 independent comb simulations initiated by random seed noise,
showing that the soliton numbers are independent of pump detuning after they stabilized. (c) Corre-
sponding dynamical evolutions of the normalized intracavity comb power for the 15 independent
simulations.
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3. Enhanced Nonlocal Interactions Between Breather Cavity Solitons
Let us then consider the case when multiple breather solitons circulate in the cavity [22], [23].
Fig. 3 shows the evolution of comb spectrum, temporal waveform, and intracavity comb power
while pump detuning is scanned from �0.003 to 0.008, and fixed at 0.008 afterwards. It is seen
that more than 10 breather solitons are generated, with the oscillating period being about
870TRð�8 nsÞ. As pointed out in prior literature [30], breather solitons have longer interaction
range than stationary solitons, due to the slower decay rate of their oscillating soliton tails. In-
deed we clearly observe from Fig. 3(b) that breather solitons consistently interact with each
other, substantially more prominently than the case of stationary solitons as shown in Fig. 1.
Particularly, Fig. 4(a) and (b) shows the waveform and corresponding cross-correlated fre-
quency resolved optical gating (XFROG) spectrogram of the interacting breather solitons [43].
We observe that the soliton tails contain spectral components within about �50 FSR around the
pump (wider than the reference pulse spectrum), and is temporally widened to overlap and inter-
act with the neighboring solitons. Through interactions, some solitons collide and vanish [case 1
in Fig. 3(b)]; some solitons synchronize to each other (case 2); and yet some solitons have con-
sistent fluctuating interactions (case 3). Particularly, case 3 represents the condition that two ad-
jacent breather solitons randomly interact with each other, but their spatial interval is big enough
that the oscillating tail of each soliton cannot exclude the other one. Importantly, such kind of
soliton interactions can cause prominent disturbance to the comb stability. As shown in Fig. 4(c),
due to soliton interaction, the calculated RF spectrum of the intracavity comb power shows nota-
ble noise around the breathing frequency (�125 MHz) and higher order harmonics. Moreover,
Fig. 4(d) illustrates the weighted temporal coherence of the comb spectrum (with the pump light
being excluded) [24], which degrades with increasing time delay, verifying that the comb spec-
trum is subjected to slow and random variations. From this perspective, we suggest that the
breather soliton region should be avoided in practical applications which require high RF and
optical stability of the frequency comb.

4. Disturbance to Cavity Solitons Caused by Dispersive Wave Emission
To investigate the influence of higher order dispersion on cavity solitons, we utilize a realistic
dispersion curve of silicon nitride microring with 720 � 2200 nm waveguide cross-section, with

Fig. 4. (a) Intracavity waveform of breather solitons and (b) the corresponding cross-correlated
spectrogram; both are extracted at the 160 000th roundtrip from Fig. 3(b). The reference pulse
for cross-correlation is a Sech pulse with width equal to TR=256. (c) Numerical RF spectrum of
intracavity comb power from the 200 000th to the 500 000th roundtrip, and the equivalent resolu-
tion bandwidth is �360 kHz. The frequency of the RF spectrum is centered on the mode spac-
ing of 108.7 GHz. (d) Weighted temporal coherence of the combs as a function of coherence
delay, calculated from the 200 000th to the 210 000th roundtrip.
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polynomial-fitted dispersion parameters �2 ¼ �18 fs2=km, �3 ¼ �260 fs3=km, and �4 ¼
5000 fs4=km. The modeled dispersion curve has anomalous dispersion at the pump wavelength
of 1600 nm, and crosses into normal dispersion at �1675 nm, as depicted in the inset of
Fig. 5(a). Using the dispersion curve, Fig. 5(a)–(c) illustrates the simulated evolution of comb
spectrum, temporal waveform, and intracavity comb power respectively, also as the pump de-
tuning is scanned from �0.003 to 0.028 at a rate of 10�7 per TR . With higher-order dispersion,
we observe the emission of the soliton dispersive waves [33]–[37], and intriguingly, the discrete
annihilation of solitons during pump scanning, as experimentally demonstrated in [17].

We first focus on the dynamics of dispersive waves. As shown in Fig. 5(a), an isolated disper-
sive wave component emerges around 1750 nm when well-structured cavity solitons appear
around the 105 000th roundtrip. Afterward, for increased pump detunings, the dispersive wave
spectrum shifts to the longer wavelength side, while the soliton spectrum shifts to shorter wave-
length due to spectral recoil [33]. The recoil of soliton spectrum is also seen in the temporal do-
main. It is shown in Figs. 5(b) and 6(b) that, for increased detunings, intracavity solitons
demonstrate accelerations as they encounter larger group velocity when recoiled towards the
blue side. To interpret the shift of dispersive wave spectrum, we calculate the phase-matching
frequency using the following equation [34]:

X
n�2

�nð!sÞð!r � !sÞn
n!

� �ð!r � !sÞ ¼ 	� (2)

where !s and !r are the wavelengths of soliton and dispersive wave, respectively, and �n is the
nth order dispersion. � � �!�2 þ�2

!�3=2 represents the soliton phase shift caused by spectral
recoil ð�!Þ, which also depends on pump detuning, as shown in Fig. 5(a) [34]. For the cal-
culation of (2), the values of �! are extracted from the numerically simulated comb spectrum.
	 ¼ 2�0=� denotes the soliton power as a function of detuning [17], [29], and 	� represents the

Fig. 5. Simulated frequency comb evolution as the pump detuning is scanned from �0.003 to 0.028
at a rate of 10�7 per TR . (a) Comb spectrum, (b) temporal waveforms, and (c) intracavity comb
power (blue) and pump detunings (red). Inset of (a) shows the GVD and a sample comb spectrum
extracted at the 160 000th roundtrip. Inset of (c) shows the close-up evolution of intracavity comb
power and pump power during individual soliton vanishes. The digits are soliton numbers corre-
sponding to each power level. It is seen that the comb and pump power both stabilize with the in-
crease (decrease) of pump detuning (quantity of solitons).
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nonlinear phase shift experienced by dispersive waves. As shown in Fig. 6(a), the calculated dis-
persive wave frequencies based on (2) agree well with numerical simulations. Qualitatively
speaking, increased pump detunings give rise to shorter solitons with higher peak powers,
which increase the nonlinear phase shift and result in redshift of the phase-matching frequen-
cies of dispersive wave.

Next, we discuss the connection between dispersive wave emission and the discrete annihila-
tion of the cavity solitons. As shown in Fig. 6(b), multiple dispersive waves emitted from different
solitons temporally broaden and interfere with each other, causing randomly fluctuating back-
grounds in the cavity. More solitons lead to more severely fluctuating back-grounds and vice
versa. This can be evidenced in Fig. 5(a) and (b); with increasing pump detuning, the number of
cavity solitons decreases and simultaneously the dispersive wave spectrum becomes narrower.
Furthermore, as illustrated in the inset of Fig. 5(c), as the soliton number decreases, the intra-
cavity pump power and generated comb power both stabilize.

Moreover, unlike the breather solitons tails discussed above, the spectrum of dispersive wave
only overlaps a small portion of soliton spectrum near the edge [see the spectrogram shown in
Fig. 6(d)], which seems to have only minor influence on the solitons. However, fluctuating
dispersive wave background can modify the detuning of all comb modes through nonlinear
cross-phase modulation. Especially for the pump mode, the cross-phase modulation caused by
dispersive waves converts to pump power fluctuation when the intracavity pump field interferes
the incident c.w. pump field. Specifically, as shown in Fig. 6(d), the dispersive wave around
1780 nm causes notable power fluctuations of intracavity pump field at 1600 nm, which exhibits
both high frequency (beating between the dispersive wave and pump) and low frequency (slow
fluctuating of superimposed dispersive waves) components. Such random fluctuations of intra-
cavity pump background inflict random disturbances to different solitons and cause the dissipa-
tion of individual solitons, as shown in Fig. 6(b).

Furthermore, it is important to point out that the extent of soliton disturbance caused by dis-
persive waves also depends on pump detuning. At relatively smaller detunings (e.g., �0 o 0.01),
the intracavity pump power is sizably higher than the cavity soliton threshold, such that pump
fluctuations induced by dispersive waves are well-tolerated and hardly lead to any annihilation
of solitons. However, cavity solitons in such regime are subject to more severe disturbances
from dispersive waves. Fig. 7(a) shows the simulated comb evolution as pump detuning is

Fig. 6. (a) Simulated (red) and predicted (green) dispersive wave frequencies as the function of
pump detunings. (b) Close-up color-map image of cavity solitons evolution from the 120 000th to
the 140 000th roundtrip. The black dashed line illustrates the acceleration of solitons due to
spectrum recoil. (c) Intracavity waveform of cavity solitons in the presence of dispersive waves
and (d) the corresponding cross-correlated spectrogram, where both are extracted at the 120 000th
roundtrip. The reference pulse for cross-correlation is a Sech pulse with width equal to TR /256.
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scanned from �0.003 to 0.01, and subsequently fixed at 0.01. We observe that four cavity soli-
tons consistently interact among each other in the presence of dispersive waves, giving rise to
a rather noisy comb RF spectrum as shown in Fig. 7(b). Moreover, Fig. 7(c) shows the phase di-
agram consists of the normalized amplitude and phase of the 45th comb mode (arbitrarily cho-
sen to reflect the comb stability), which reveals chaotic variations due to the random
disturbances caused by multiple dispersive waves [31]. Furthermore, if pump detuning becomes
larger, e.g., the pump scan ending at �0 ¼ 0:012 as conducted in Fig. 7(d)–(f), the intracavity
pump power becomes smaller and its tolerance to dispersive waves reduces. In this regime it is
more likely that the dispersive wave fluctuates the pump intensity below the threshold, and the
cavity solitons on top vanish as they no longer acquire enough parametric gain to compensate
the cavity decay. Particularly, as shown in Fig. 7(d), only three solitons remain in the cavity.
These three solitons still interact with each other through dispersive wave emission, but with
substantially simplified patterns. The RF spectrum of comb power demonstrates multiple dis-
crete sidebands [see Fig. 7(e)], and the phase diagram exhibits as limited circulations [see
Fig. 7(f)]. Simply speaking, higher pump detunings only support lower-amplitude pump power
fluctuations without losing solitons.

To further support this observation, we increase the pump detuning to 0.015, which is close
to the numerically estimated stable cavity soliton threshold �0 ¼ 0:0155 [22]. As shown in
Fig. 7(g)–(i), in this regime the intracavity pump power can barely tolerate any fluctuations
caused by dispersive waves, the cavity solitons are discretely excluded and eventually only one
soliton survives in resonator, with minor perturbations from the dispersive wave emitted itself.
Correspondingly the RF spectrum of intracavity comb power become noiseless and the phase-
diagram shows as a singular point, indicating that the frequency comb is operating in a stable
mode-locked state.

Fig. 7. Evolution of Kerr frequency combs under the influence of dispersive wave emission. (a),
(d), and (g) Temporal waveform evolution. Waveforms before the 120 000th roundtrip are not
shown as they are identical for the three panels. (b), (e), and (h) Numerical RF spectrum of intra-
cavity comb power from the 200 000th to the 500 000th roundtrip; the equivalent resolution band-
width is �360 kHz. (c), (g), and (i) Evolution of the phase and normalized amplitude of the 55th
comb mode from the 290 000th to the 300 000th roundtrip. The frequency of the RF spectrum is
centered on the mode spacing of 108.7 GHz. For panels (a)–(c), the pump detuning �0 ¼ 0:01; for
(d)–(f), �0 ¼ 0:012; for (g)–(i), �0 ¼ 0:015.
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Comparing the three cases demonstrated in Fig. 7, it seems to encourage us to adopt large
pump detuning for the generation of stable cavity solitons and stable frequency combs. How-
ever, we stress that large pump detuning also raises detrimental issues. First, with large detun-
ing near the threshold, there exists probability that no soliton survives during the pump
scanning, as the pump power is prone to fluctuations below threshold easily. For instance,
Fig. 8(a) shows 15 independent simulations with random noise seeding and with pump being
scanned to �0 ¼ 0:015. It is seen that in three realizations out of 15, the intracavity comb power
eventually decreases to zero, indicating that the pump fails to generate a comb. Second, it is
conceivable that setting the pump detuning near the boundary could substantially degrade the
system tolerance to ambient disturbances. As shown in Fig. 8(b), a slight fluctuation of the inci-
dent pump laser power (from 150 mW to 145 mW and lasting �50 ns, mimicking a 3Q, 20 MHz
laser fluctuation) already wipes out the cavity solitons generated at �0 ¼ 0:015. To the contrary,
when �0 ¼ 0:012, identical pump fluctuations does not influence the comb state at all. Therefore,
in practical applications of the Kerr comb and cavity solitons, there is a trade-off between reach-
ing a minimal soliton-interaction stable comb state versus robustness against ambient
disturbances.

5. Disturbance to Cavity Solitons Caused by Cavity Mode Coupling
Another prominent effect that influences the generation of Kerr frequency comb is mode cou-
pling. Particularly, the resonances of different spatial or polarization modes supported in a mi-
croresonator can occupy identical frequencies and interact with each other therein, causing
dramatic resonance distortion and disruptive variations of the local dispersions associated with
these modes [38], [39]. Since the generation of Kerr frequency comb depends crucially on reso-
nator dispersion, mode coupling has a major impact on comb dynamics. As demonstrated in
prior studies, for normal dispersion resonator, mode coupling can aid the initial parametric oscil-
lation [3], [40]; and for anomalous dispersion resonators, mode coupling can either permit or
prohibit the generation of cavity solitons, depending on the magnitude and the position of mode
coupling [39]. Here we focus on anomalous dispersion resonators and to elucidate the mecha-
nism based on which mode coupling disturbs cavity solitons.

Taking into consideration of the mode coupling, the resonant frequencies of any mode family
supported in the resonator can be expressed as

!c ¼ !0 þ D1
c þ
1
2
D2
2

c þ�cð
cÞ: (3)

Here, D1 is the FSR, D2 ¼ ��2D2
1 � c=n0 is GVD coefficient, �c represents the magnitude of local

dispersion shift due to mode coupling, and 
c denotes the mode where coupling happened.
Fig. 10(a) shows the simulated comb spectra with different values of �c . For simplification, here,
we assume that only one cavity resonance undergoes mode coupling (our discussion below can

Fig. 8. (a) Evolutions of intracavity comb power for 15 simulations in the presence of dispersive
wave (blue). The pump detuning (red) is scanned from �0.003 to 0.015 at a rate of 10�7 per TR .
The digits in the corner are soliton numbers corresponding to each power level. (b) Evolutions of
intracavity comb intensity with �0 ¼ 0:015 (red) and �0 ¼ 0:012 (green), under slight power fluctua-
tions (black, right y -axis).
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be readily extent to multiple modes coupling). As shown in Fig. 10(a), mode coupling can either
enhance or suppress the comb generation in the corresponding mode. For instance, when
�c ¼ �0:35, the power in the coupling mode ð
c ¼ 80Þ is about 3.05 dBm; when �c ¼ 0, which
means zero mode coupling, the power is �7.4 dBm; and when �c ¼ 2:3, the power is �17.3 dBm.
According to (3), local dispersion change induced by mode coupling is akin to higher-order disper-
sion, which deviate the GVD from the ideal parabolic function of frequencies. Such dispersion al-
teration enhances the comb generation when �c leads to a phase-matching condition between
the comb mode and the cavity soliton, and suppresses the comb generation when �c leads to
phase-mismatch. For instance, by calculating the parametric phase-matching condition in the cou-
pling mode (denoted as ��), we have �� ¼ 0:05 for �c ¼ 0:35. Such near phase-matching state
enhances the comb generation in that mode. In comparison, �� ¼ 2:0 for �c ¼ 2:3, which means
large phase mismatch and thus suppresses the comb generation. Moreover, as shown in Figs. 9
and 10, the enhanced 80th comb line due to mode coupling exerts influence to cavity solitons that
is very similar with dispersive waves, which broadens out in time and introduces high frequency
ð
c � FSRÞ fluctuations to the pump background, causing non-local interaction and individual

Fig. 10. (a) Comb spectrum with different mode coupling strengths (noted in legend) for the
80th comb mode. (b) Intracavity waveform of cavity solitons in the presence of mode coupling and
(c) the corresponding cross-correlated spectrogram; both are extracted at the 140 000th roundtrip
from Fig. 9(b), with �c ¼ �0:35. The reference pulse for cross-correlation is a Sech pulse with width
equal to TR=256.

Fig. 9. Simulated frequency comb evolution with mode coupling �c ¼ �0:35 at 
c ¼ 80, as the
pump detuning is scanned from �0.003 to 0.028 at a rate of 10�7 per TR . (a) Comb spectrum,
(b) temporal waveforms, and (c) intracavity comb power (blue) and pump detuning (red).
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annihilation of solitons as the pump detuning increases. Still, at smaller detunings, multiple cavity
solitons exist and undergo random interactions, while at higher detunings, fewer soliton remain
and the comb stabilizes.

In addition, we note that in principle mode coupling and the derived dispersion shift can occur
at any of the comb modes. Specifically, when the mode coupling is close to the pumped mode,
it brings about slow fluctuation of the intracavity background intensity, which can be profoundly
wider than the cavity solitons and leads to a more simplified interaction between the solitons
and pump background (compared with Fig. 9(b), where one soliton encounters complex back-
ground). Intriguingly, as shown in Fig. 11(a) and (b), with 
c ¼ 12, �c ¼ �0:35, when the pump
detuning is scanned from �0.003 to 0.015, all cavity solitons autonomously adjust their posi-
tions and converge to a regular pattern with equal spacing (except for one soliton missing).
Such phenomenon indicates that, within one period of the slowly modulated pump background,
stable cavity soliton only exists over an equilibrium point. When offset from the equilibrium point,
the soliton pulses inevitably acquire uneven phase modulations and shift with respect to the
pump background until reaching the nearest equilibrium points, as shown in Fig. 11(a). Further-
more, when the solitons stabilize, the corresponding comb spectrum exhibits as the superimpo-
sition of two comb families: one with single FSR comb spacing and one with 
c � FSR spacing.
The spectral phases of these two comb families can be distinguished from each other, as shown
in Fig. 11(c). We replicate hundreds of simulations with different initial noise seeds, the number
of solitons varies from run to run while identical features as shown in Fig. 11 always persist.
Similar comb spectra and waveforms are recently demonstrated experimentally in [41], though
the causes are not yet explained. Our simulations suggest a possible mechanism for such ob-
servations. Finally, we stress that slow pump background fluctuations tend to expose the soli-
tons to lower pump power than intrinsically associated with the corresponding pump detunings.
Particularly, when the mode-crossing induced background modulation is profoundly wider than
the soliton width, then it is impossible that the whole soliton drops into the modulation dip and,
thus, annihilates. To the contrary, for fast background modulation caused by mode-crossing far
from the pump mode, one cavity soliton can stand over several modulation cycles, and the over-
all background cannot be as small as the dip of each modulation period. Thus, with mode cou-
pling near the pump frequency, cavity solitons require smaller pump detuning and smaller
coupling strength (dispersion jump), as also evidenced in [39].

6. Conclusion
We have carefully elucidated several important effects that disturb dissipative cavity solitons in
Kerr frequency micro-combs. We showed that with second-order dispersion only, cavity solitons
are stable unless they are in the regime of breather solitons, which are prone to nonlocal inter-
actions mediated by the slowly-decay oscillating tails, incurring prominent instability to the
comb. Higher order dispersion leads to phase-matched soliton dispersive wave emission, and
we demonstrated that multiple dispersive waves emitted from different solitons can interfere

Fig. 11. (a) Simulated frequency comb evolution with mode coupling �c ¼ �0:35 at 
c ¼ 12, as the
pump detuning is scanned from �0.003 to 0.015 at a rate of 10�7 per TR . (b) Temporal intensity
waveform (blue) and phase profile (red) extracted at the 20 000th roundtrip from (a). (c) Comb
spectral intensity (black) and phase (red) corresponding to the temporal waveform shown in (b).
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with each other in a rather random and complex manner. This causes random pump back-
ground fluctuations in the resonator, which in turn dramatically disturb the cavity solitons and
corresponding comb spectrum. Increasing the pump detuning can alleviate such type of instabil-
ity by excluding solitons from the resonator and, at the best case, push the comb into a stable
single soliton state. However, we remind that higher pump detuning degrades the immunity to
ambient disturbance. Furthermore, we show that mode coupling can also perturb cavity solitons
in a way akin to dispersive waves, especially when mode coupling is far away from the pumped
mode. Meanwhile, if mode coupling occurs sufficiently close to the pump, it leads to a specific
stabilized comb state in which cavity solitons are all aligned uniformly and the comb spectrum
exhibits unique features. We believe these studies help advance our understanding on the sta-
bility and robustness of dissipative cavity solitons in microresonator frequency combs. These re-
sults also reveal the importance to further explore more deterministic and robust generation
mechanisms of cavity solitons and mode-locked Kerr frequency combs.
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