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Supplementary Note I: Other comb states

The comb state is generated with a New Focus Velocity TLB-6730 as the pump laser. The
pump frequency is tuned with a 2 MHz step via fine piezo control. The general multiple mode-
spaced (MMS) scheme of comb formation involves the generation of several subcomb families
with incommensurate spacing between them [SR1, SR2]. This is illustrated in Supplementary Fig.
Sla, as we might expect, combs evolving via this scheme would, in general, produce several low
frequency RF beats. The comb state we stabilize however, is one with a single offset beat and has
just one other subcomb family aside from the sub-comb around the primary comb line as illustrated
in Supplementary Fig. S1b. This state is not a necessary part of the comb evolution process and is
only observed under the right conditions of power and detuning. Here we briefly describe several
other states that we observe in our microresonator. One of the comb states we have observed,
generates an equally spaced set of beats spanning around 600 MHz. This ‘RF comb’ is shown in
Supplementary Fig. S2a, in this particular case an interesting point to note is that although multiple
subcomb families exist in this state, the RF beats being equally spaced indicates a relationship
between the different subcomb families.

As detuning is changed this state changes to one with higher noise that does not show a regular
equally spaced comb structure in the RF domain, as shown in Supplementary Fig. S2b. This state
then eventually evolves into one with continuous low frequency noise, the RF spectrum at the

repetition rate of such a comb is shown in Supplementary Fig. S2c. In addition, we observe states
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similar to the one we use for stabilization, having a strong low frequency RF beat in addition to
the beat due to frep, as shown in Supplementary Fig. S2d, but exhibiting slightly different behavior

with regards to degree of correlation between pump and the offset beat.
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Supplementary Figure S1. a, The general MMS scheme of comb formation, the two sets of
subcombs, shown in blue and green belong to different families because the two sets of primary
comb lines around which the subcombs form, are generated independently by the pump. The first
set of primary comb lines are formed at an offset of 41 from the pump and the second set are
formed at an offset of 42 from the pump, since 42 is not a multiple of 41 and neither 42 nor 41 need
be integral multiples of the fp, there are two offset beats generated by beating of subcombs with
each other, these offset beats are shown in the schematic as &1 and &. Now if this idea is extended
to multiple subcomb families we would expect the generation of multiple RF beatnotes, (and if the
subcombs were broad enough we would also generate harmonics of the beatnotes) and this is what
we experimentally observe. b, A special case of MMS comb formation that results in the
generation of a single RF beat note (aside from the beat due to frep) that corresponds to the offset ¢
between subcombs. Note that, in this case, only the first set of primary comb lines is formed due
to modulation instability via the pump, all other primary comb lines are generated via cascaded
four-wave mixing between the pump and the first set of primary comb lines, this mechanism allows
for a single offset &, throughout the comb. We choose to stabilize this particular state due to the
strong correlation between the pump frequency and ¢ due to the dependence of ¢ on 4, as described
in the main text.
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Supplementary Figure S2. a, Multiple RF beats spanning 600 MHz with a spacing of 16 MHz
generated by a comb state. The beats being equally spaced indicates that there is correlation
between the offsets of different subcomb families. b, Multiple RF beats spanning over a GHz,
generated by a comb state. Lack of defined structure to the beats suggests a general MMS scheme
for the evolution of the state ¢, RF spectrum showing continuous low frequency noise, this state is
obtained from the state in b. by changing the detuning such that the number of RF beats keeps
increasing till we eventually have a ‘noise pedestal’ of continuous noise. d, RF spectrum showing
a strong offset beat (breather tone) along with multiple harmonics. This state is similar to the one
we stabilize; except for the fact that it is less stable to change in pump power or detuning (there is
a sudden transition to another state). It also exhibits different behavior with regards to degree of
correlation between pump frequency and offset beat.



Supplementary Note II: Microresonator dispersion and comb spectrum
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Supplementary Figure S3. Waveguide dispersion is calculated taking into account of both the
material dispersion and the geometric dispersion. a, Refractive index no, measured at 1.81 at pump
wavelength of 1598 nm. b, Group index ng, measured at 2.064 at the pump wavelength. ¢, Group
velocity dispersion (GVD) measured at 23 fs?’’mm at the pump wavelength. d, Third-order
dispersion (TOD) measured at 265 fs*/mm at pump wavelength of 1598 nm.
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Supplementary Figure S4. Example filtered C-band frequency microcomb spectrum. Formation of
primary comb lines with A = 1.1 nm and overlap between secondary comb lines are observed (left inset).
Its electrical spectrum measures two distinct beat notes of fre, = 17.9 GHz and ¢ = 523.35 MHz (right inset).
The highly modulated spectrum is due to mode disruptions every 4 nm, which periodically perturbs the
GVD.

Supplementary Note III: Details of the measurement setup
The measurement setup is shown in Fig. 2 in the main text. The comb spacing is measured by

sending a section of the comb to a high speed photodetector to directly detect the beat note from
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the repetition rate frep. We then obtain the error signal for feedback by downmixing the output
signal with a 17.9 GHz local oscillator. This error signal is the input to a PI’D lock box with a
bandwidth of 10 MHz, which sends the feedback signal to an EOM to modulate the input power
of the 3W EDFA which pumps the microresonator. The EDFA is operated in the current control
mode to achieve effective modulation of the output power, to within 1% and less than 0.1 dB. Even
with the free-space alignment optics, the lock can be maintained for more than an hour in each
measurement set. In a fully packaged system, the lock can likely be maintained for a longer time.
We also note that, with higher microcavity Q, the microcomb threshold power can be lowered and
microcombs, with the similar FSR as our demonstration, with tens of milliwatt pump power has
been implemented entirely on chip [SR3, SR4].

In addition to power modulation via the EOM, we also have a secondary feedback signal
(derived by integrating the primary feedback control signal) to the EDFA which directly modulates
the power, relatively slowly, primarily with the objective to increase the dynamic range of the lock
(EDFA is not used as the sole feedback because it cannot be operated at the full feedback
bandwidth). The feedback is designed in the above manner, with fast feedback via the EOM for
high feedback bandwidth and slow feedback via the EDFA for high dynamic range, to preserve an
optimal lock for a long period of time. Supplementary Fig. S5 summarizes the quality of the frep
stabilization. After the stabilization of the comb spacing, we notice that the offset beat & also
becomes more stable as can be visually observed from Supplementary Fig. S6. This is per our

expectation of partial correlation between & and frep as described in the main text.
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Supplementary Figure S5. a, RF spectrum of the stabilized beat note of frp with an RBW of 10
Hz. In the PI’D loop filter, the PI corner and differential frequency were both set at 200 kHz. The
design provides a delicate compromise between noise suppression and loop stability. A remaining
small noise oscillation at 205 kHz, however, is still present. b, Single-sideband phase noise of the
reference 17.9 GHz local oscillator and the residual error from the fi» phase-locked loop, showing
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an excess phase noise of the stabilized comb spacing above 40 kHz from carrier. Inset: rms phase
error integrated from 6 Hz to 600 kHz is 20 mrad.

The offset frequency & can be used as an indicator of pump frequency after stabilization of frep,
as explained in detail in the main text. We therefore use this signal to stabilize the pump frequency
when the comb spacing is locked. To achieve a high SNR (which is required to lock & effectively),
we use an optical grating filter to select a 1-nm section of the comb where the beat frequency is
strongest and then send that section to a photodetector to detect the beat (SNR is higher because
of a strong beat note in the localized region and also because the detector is not saturated by the
frep beat note, which is much stronger when a larger region of the comb is considered). We send
the output to a divide-by-15 frequency divider, and then downmix the signal with a local oscillator
operating at 33 MHz to obtain the error signal. The offset beat £ has more high frequency noise
than frep, as we might expect, because it is affected not only by the pump frequency instability but
also by high frequency noise in pump power that is not fully compensated by frep stabilization, the
frequency divider is therefore necessary to reduce the high frequency noise and increase the
efficacy of the lock. The error signal is sent to a PI’D lock box which provides a feedback signal
to modulate the diode current of our ECDL which stabilizes the pump frequency. Similar to the
feedback to lock frep, we use a slower secondary feedback (derived from the integrated primary
feedback control signal) via the piezo controller of the ECDL to increase dynamic range and
preserve the lock for a longer time. We have included a detailed discussion of the feedback locking

mechanism in the Methods section of the main text.
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Supplementary Figure S6. a, The measured offset beat & at an RBW of 100 kHz when the frep is
not stabilized. The high noise in the beat arises because the offset frequency 4 depends on pump
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2 .
frequency and intracavity power given by A= \/%le \/ n (ng fp—N Z—‘Z frep — %) and since

E=A— lfiJ frep» fluctuations in both pump frequency and frep add to instability in & b, The
rep

measured offset beat & at an RBW of 10 kHz after frep is stabilized. We observe an increase in
stability of & after stabilization of frep (and thereby stabilization of pump power). Residual noise in
the beat note is due to pump frequency noise (and residual noise in pump power after frep

stabilization). & can therefore be used to sense pump frequency fluctuations and stabilize it via
feedback.

Supplementary Note I'V: Derivation of the modulation instability (MI) gain peak

We investigate the intracavity MI gain and derive the frequency at which it is maximum.
Supplementary Equation S1, written below describes the cavity boundary conditions and
Supplementary Equation S2 describes the wave propagation in the cavity when subject to

chromatic dispersion and the Kerr nonlinearity [SR3]:

E™1(0,0) = \[pE™(L, t)exp(ig,y) + VTE;, (S1)
0E"(z,t) B 0’E™(z,t) 5 n
—, T iy + iy|E™(z, t)| 2E" (2, ), (52)

t

Under the normalization U™ = ,/yLE™; k =% T = =, the NLSE is reduced to Ul =

B2l

—i (g) UR + i|JU®|?U™ where n = Iﬁ_zl (To model this [SR5-SR7], here we used the more general
2

NLSE model instead the LLE, the latter which resides under the good cavity limit and the
approximation that the evolution is slow compared to round trip time.) Assume steady-state
continuous wave in the cavity, one such solution is: U"(k,T) = Upexp(i|Uy|?x). A periodic
fluctuation generated by instability is modelled by:

Un(x, 1) = [Uy + v"(x) X exp(iQ1) + v (k) X exp(—iQ1)]exp(i|Uy|?*x)
Here () corresponds to the location of peak MI as will be derived subsequently. An important point
to note here is that {0 may not be an exact multiple of the (normalized) frep. Substituting this in the

NLSE yields after some algebra that:

av" QD) + dv—™" (—i0D)
3z exp(iQt B exp(—iQt
in

QZ
> (vnex'p(iﬂr) +v" ex'p(—iQr))

+i ((onlzv“ + Up? v )exp(iQ0) + (|Up|2v ™™ + Up*v™") exp(—iQt))
This then can be written as:
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The general solution to the equation above can be written as:

+i|U,|? iUy* ]I

vn
—inQ? (v‘n*>

7 a” c"
(72) = (e + () ericmo
With eigenvalue u = Q\/ —n|U,|? — Q% /4 (S3) and eigenvector components satisfying:
a” _ —(Up)? dn —(Uy")?

n n
b +IUoI2+lu> ‘ (”Q + U2 + in)

Now including the cavity boundary conditions (by substituting £n in Supplementary Eq S1) and

noting that Eiis a constant, we see that we can write:

v (e = 0) = Jpexp(ipo + i|Ug|))vE"(k = 1)

Since
1
QZ
ph n 2 ) ]
() = ("7 +10ol? + i ~(Uy")?
RS (1 & ol + ) J
And
vt \/—[exP(iQDO +i|Up|?) 0 ( v? )
pen)” ) VP 0 exp(~igo — ilUg|H)] \v "
We can write after substituting in:
an+1
(cn+1>
__ P [l ] [exP(i(Po +i|Uo|?) 0 | <a)
—IsI2l 2 —st 0 exp(—i@y — i|Uy|?)] Lte# /s s™/(at)
,WheI‘eSZ—(UO)Z t = _+|U0|2+l/.l 19— (p0+|U0| .

Taking the determinant of this matrix we arrive at the eigenvalues as:

—|s|2(eHe P 1eteiP)+t2(eHe~ iV 1o Hell)
— 2 =
q, = Jp (p +p 1) where p )

Under the mean field approximation, which in this case means that u ~ O (e) Wwe can approximate

et to first order as 1+, rewriting this equation p = cos(9) — Lusm(ﬁ) s :5:2; Now we see that
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_uz e . N (GRIN)
t+|s] = e + iy and  utilizing (S3), we can rewrite ipusin(9) =512 as
o (g2t . 2ts|
ipsin(9) —F———— usin(¥) —z——— 7 (S4)

(Gpaztik=2lsD (Graz i G gz tin=2Ish

Now the first term of (S4) is of order p? and is neglected while the second term reduces to t =

2 2
%+|U0|2+i,u and since p is small, this is simply %-&-IUOIZ . So p=cos(®¥) —

(IUOI2 + leiz) sin(9) (S5). We note that q, = \/E(p + W) is the (largest) eigenvalue of
interest and takes its maximum for large p.

Now we write 9 = 2mm — & + |Uy|? where § is the detuning from resonance. Applying the
good cavity limit we state that both the detuning 6 and the additional phase added per round trip
due to self-phase modulation |Ug|?, are small in comparison to 27. Further the good cavity limit
ensures that p — 1, we introduce the parameter 6 = 1-p where 8 ~ 0(¢). Subsequently (following

[SRS]) we find that to first order the eigenvalue q_ can be written as

2
6 Q° Q°
q,=1-5+ 4(5—"7>|U0|2—<5—"7> —3|Ul*  (S6)

And the maxima of this eigenvalue is obtained at Qgp = \/ 21n(6 — 2|Uy|?) which is the

frequency at which MI gain is maximum.

2n(fp—fo)

rep

Now & can be written as where f;, is the pump frequency, frp is the comb spacing

and f, is the resonance frequency, fi.., can also be expressed as ¢/(ngL) and f, = N Z—i frep Where

ng is the group index and n, is the refractive index. Furthermore w = Q/./|B,|L where w is the
frequency with respect to real time coordinates and |Uy|? = yL|E,|? where |E,|? is the intracavity
power, denoted by Pint.

Putting these together we have:

ng
4mng (fp —N n_ofrep) 4y Py,
Wonp = —
opt nlpzlc n1B:|

(57)

This formula is intended as an approximation for the case when there is no mode interaction and

close to the onset of MI. It illustrates that the breather frequency & is dependent only on the two
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parameters Pint and fp controlled by pump power and pump frequency respectively. Therefore when
the pump power is locked via feedback (utilizing frep as the indicator of intracavity power), & is
only dependent on pump frequency fp. The addition of periodic mode interaction and the effects of
“mode pinning" after breather comb formation introduce further complications that can be

simulated in the LLE.

To perform the simulations, we first introduce a periodic mode interaction in the LLE via mode
shifts (following [SRS&]) at resonances every 4 nm. The generated comb spectrum is plotted in
Supplementary Fig. S7a, we note the presence of equally spaced subcombs that are on the verge
of merging similar to our generated spectrum. Supplementary Fig S7b, plots the comb evolution

with detuning swept over 100 MHz, illustrating the large stability region of our comb. We then
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Supplementary Figure S7. a, The simulated breather comb spectrum with multiple equally
spaced subcombs. b, Evolution of the comb spectrum in the cavity with detuning swept over 200
MHz. The spectrogram shows onset of MI at mode 20, which is disrupted in the simulation due
to mode interaction and hence allows the comb to be seeded when dispersion is normal at 30
fs?/mm. ¢, Shows the breather frequency & when pump detuning is increased and intracavity
power is kept constant via a simulated PID loop. We note here that since &, depends both on the
pump detuning and pump power, locking the power provides a direct relationship between
breather frequency and pump detuning. d, The slow oscillation of the relative phase between the
pump and primary comb line, which manifests as the breather is plotted in time.



note that the breathing frequency can in fact be seen as a slow relative phase oscillation between
the pump and the first primary comb line as plotted in Supplementary Fig. S7d. A single cycle of
this phase oscillation corresponds to a frequency of about 354 MHz, the breather frequency. In
parallel to the phase, there is also a slow intensity oscillation of the comb line at the same 354
MHz that corresponds to energy being transferred from the primary lines to the pump and back.
Now, finally to simulate the relationship between breather frequency and pump frequency, in
conditions similar to our experiment, we simulate a PI loop to control the intracavity power Pint
using only feedback to pump power. We note here (and in the main text) that since the fr¢p is only
dependent on cavity temperature [SR9], which in turn is entirely dependent on Pin (neglecting
environment temperature changes), locking fiep via feedback to power must necessarily lock Pint .
This simulated loop therefore exactly corresponds to the experimentally demonstrated frep
stabilization loop via pump power feedback. The PI corner and bandwidth of the simulated
feedback loop is however set at 18 MHz (rather than 200 KHz), for ease of simulation to prevent
unreasonably large number of round trips required for the loop to stabilize Pint. We subsequently
ran the simulation for 5 million roundtrips with PI loop to stabilize Pint engaged and swept laser
detuning while monitor change in breather frequency. Our results are plotted in Supplementary
Fig. S7¢, the simulated slope of change in breather frequency to change in pump detuning is ~ 45

KHz/MHz.



Supplementary Note V: Out-of-loop characterization
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Supplementary Figure S8. a, To quantify the frequency instability of the Kerr frequency comb,
two comb lines (pump at 1598 nm and i comb at 1555 nm) are compared to an independently
stabilized FFC and the heterodyne beat frequencies are counted with a 10-digit, A-type frequency
counter. The FFC is referenced to a rubidium-disciplined crystal oscillator with a frequency
fractional instability of 510712 at 1 second. The gratings critically remove the unwanted reference
FFC comb lines for reliable counting measurements. b, The repetition rate of the FFC (= 250 MHz)
is detected with a PD and locked to an RF local oscillator, in addition, f~-2f interferometry [SR10-
SR12] is used to detect feeo and lock it to an RF reference with the same clock as that used to lock
Jrep. €, The Allan Deviation of the fceo 1s plotted for the FFC in mHz and the Allan Deviation for frep
is plotted relative to the carrier. As we observe from the plot, frp is the limiting factor for the
stability of our reference, which is per our expectation, because of the high sensitivity of the comb
line frequencies to frp due to the low optical division ratio (= 10°°).

Supplementary Note VI: Verification of £ across different chips and breather states

Formation of Kerr combs with a single offset beat in addition to frep 1S not a unique property
dependent on microresonator characteristics but in fact is general and arises from the mechanics
of Kerr comb generation. These combs have also been observed previously in microresonators
[SR1, SR13], but with very different characteristics. In addition, to the 18 GHz comb described in
the main text, we also observe a similar state in a single mode Si3N4 microresonator cavity with a
tapered structure [SR14] thereby verifying the applicability of our approach across different

breather comb states and chipsets. The comb spectrum is shown in Supplementary Fig. S9a. and
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the offset beat is measured in different comb slices, as shown in Supplementary Fig. SOb, to verify
that it is truly a single offset comb state. Breather combs in general have a modulated spectrum
such as in Supplementary Fig. S9a, this may limit performance in some applications such as the
spectral density in dense-wavelength optical communications. However, breather solitons can
provide both the breathing frequency for locking while having a smooth spectrum for various

applications for further studies.
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Supplementary Figure S9. a, Spectrum of a comb-state, similar to the one we stabilize, generated
in a single mode microresonator with a tapered structure. This comb state generates a single offset
beat £ in the RF domain in addition to the repetition rate. b, To verify that the offset frequency is
uniquely defined across the whole Kerr frequency comb, we measure it at various different spectral
segments with a tunable filter (0.22 nm FWHM filter bandwidth). Free-running ¢ without frep
stabilization (= 700 MHz) in different spectral regions is measured to be the same within error bars
of = 200 kHz. At wavelengths where the beat notes have SNR higher than 10 dB (100 kHz RBW),
10 measurements are taken to determine the mean value of the offset frequency. The error bar of
the measurement is defined as the peak-to-peak deviation from the 10 measurements.

Supplementary Note VII: Verification of stabilization of f,., stabilization after locking &
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Supplementary Figure S10. a, fip measured at an RBW of 1 kHz before locking & but after
locking pump frequency, b, frep measured after locking & at an RBW of 1 kHz. Locking sidebands
are observed at = 200 kHz, corresponding to the PI corner of the feedback loop intended to stabilize
€. Stabilization of frep is clearly observed subsequent to locking &. Furthermore, as explained in the
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main text, we expect the phase noise of this signal to be = 38 dB lower than the phase noise of the
locked signal & after division to the same carrier.
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