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Abstract—By placing monolayer graphene on silicon membrane,
the effective Kerr coefficient of the hybrid media is enhanced
20 times compared to monolithic silicon. Optical four-wave mix-
ing in graphene-silicon photonic crystal waveguide and a single
mode cavity are observed at sub-milliwatt continuous wave input.
This allows nonlinear functionalities including low power switch-
ing/gating, signal regeneration and parametric conversion, enhanc-
ing CMOS integrated photonic information processing on chips.

Index Terms—Four-wave mixing, graphene optoelectronics,
photonic crystals.

I. INTRODUCTION

THE optical Kerr effect is one of non-resonant electronic
nonlinear polarizabilities. It occurs as the result of the

nonlinear response of bound electrons to an applied optical
field [1]. Third-order nonlinearity susceptibility for graphene is
reported as large as |χ(3) |∼10−7esu in IR and mid-IR range, ver-
ified by coherent four-wave mixing and third harmonic genera-
tion [2]–[5]. Four-wave mixing can be viewed as the elastic scat-
tering of two photons of a high power pump beam, which results
in the generation of two new photons at different frequencies.
For turning the exceptional nonlinear properties of graphene
into functional devices, extended work on integrating graphene
into conventional photonic platform has been shown [5]. Here
we show the experimental demonstration of high third-order
nonlinear response of graphene integrated photonic crystal de-
vices including slow-light waveguides and resonant cavities,
and theoretical calculation for predicting the effective nonlinear
coefficient of the hybrid optical components.
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II. KERR COEFFICIENT IN GRAPHENE

In non-parabolic graphene, the induced nonlinear current is
obtained in Ref. [2] by solution of the quantum kinetic equation:
(i�)∂ρ/∂t = [Ĥ, ρ], with the Hamiltonian: Ĥ=Ĥo + exp(E1
cosω1 t + E2 cos ω2 t) where E1 and E1 are the two external
field amplitudes with frequencies ω1 (pump) and ω2 (signal)
incident on graphene. The resulting amplitude of sheet current
generated at the harmonics frequencies (2ω1−ω2) is described
by [2], [5]:
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where ε1 and ε2 are the electric field amplitudes of the incident
light at frequencies ω1 and ω2 respectively. vF ( = 106 m/s)
is the Fermi velocity of graphene. Under the condition that
both ω1 and ω2 are close to ω, the sheet conductivity can be
approximated as:
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Since most of the sheet current is generated in graphene, the
effective nonlinear susceptibility of the whole membrane can be
expressed as:
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where d is the thickness of the graphene (∼1 nm), λ is the wave-
length, and c is the speed of light in vacuum. The calculated χ(3)

of a monolayer graphene is in the order of 10−7esu [correspond-
ing to a Kerr coefficient n2 ∼ 10−13m2 /W; n2 = 3χ(3) /(4 cε)],
at 105 times higher than in silicon [6] (χ(3) ∼ 10−13esu, n2 ∼
3.8×10−18m2 /W).

III. DYNAMIC CONDUCTIVITY IN GRAPHENE

Effective n2 depends on the spatial distribution of optical
mode. In order to rigorously calculate the spatial field distribu-
tion. We firstly derive the permittivity and effective refractive
index of graphene based on the incident photon energy and the
Fermi level of graphene. The dynamic conductivity for intra-
and inter-band optical transitions [7] can be determined from
the Kubo formalism as [8], [5]:

σintra(ω) =
je2μ

π�(ω + jτ−1)
(4.1)

σinter(ω) =
je2μ

4π�
ln

(
2 |μ| − �

(
ω + jτ−1

)
2 |μ| + � (ω + jτ−1)

)
(4.2)

1077-260X © 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.



GU et al.: COHERENT FOUR-WAVE MIXING ON HYBRID GRAPHENE-SILICON PHOTONIC CRYSTALS 7500106

Fig. 1. Conductivity and permittivity of graphene in the IR range. (a) and (b),
The real and imaginary parts of the total conductivity. (c) and (d), permittivity,
with Fermi level set at – 0.4 eV (red dashed line) and – 0.2 eV (blue solid line),
respectively.

where e is the electron charge, � is the reduced Plank constant,
ω is the radian frequency, μ is chemical potential, and τ is the
relaxation time (1.2 ps for interband conductivity and 100 fs for
intraband conductivity). The dynamic conductivity of intra- and
inter-band transitions at 1560 nm are (–0.07–0.90i)×10−5 and
(4.15–0.95i)×10−5 respectively, leading to the total dynamic
conductivity σtotal = σintra+ σinter of (4.1–1.8i)×10−5 . The
real and imaginary parts of the conductivity and permittivity are
calculated in Fig. 1. Given negative imaginary part of total con-
ductivity, the TE mode is supported in graphene [8]. The light
can travel along the graphene sheet with weak damping and thus
no significant loss is observed for the quasi-TE mode confined
in the cavity [9]. The Fermi level in CVD grown graphene is
determined by the chemical doping level, about -0.2eV, corre-
spondent to the red dashed curves in Fig. 1.

IV. MODELING EFFECTIVE KERR COEFFICIENT

IN GRAPHENE-SILICON STRUCTURES

The structure examined is a hybrid graphene-silicon cavity,
achieved by transfer of monolayer large-area graphene sheet
onto air-bridged silicon photonic crystal nanomembranes, with
minimal linear absorption and optimized optical input/output
coupling. Fig. 2(a) shows the device layout, with the input pump
and signal lasers and additional output idler. The optical field
distribution and confinement in cavity are shown in Fig. 2(b).
From cross-section image, the electromagnetic field overlaps
with the monolayer graphene at the top [see Fig. 2(c)]. We note
that this study is complemented with recent examinations of
large-area [10], [11] graphene field-effect transistors and analog
circuit designs [12] for potential large-scale silicon integration
[see Fig. 2(d)].

Effective n2 of the hybrid graphene-silicon cavity is then
calculated for an inhomogeneous cross-section weighted with
respect to field distribution [13] [see Fig. 3(a)–(f)]. The 3D
FDTD method with sub-pixel averaging is used to calculate the
real and imaginary parts of the E-field distribution for the cavity
resonant mode. The spatial resolution is set at 1/30 of the lattice
constant (14 nm). Time-domain coupled mode theory, including

Fig. 2. Device layout and measurement. (a), Structure schematic of an L3
cavity switch formed in graphene cladded silicon membrane. (b) Electric field
distribution along z direction simulated by FDTD method. The graphene sheet
(brown line) is placed on 250 nm thick silicon membrane. Inset: Schematics
of graphene band diagram with photon energy of pump (green), and converted
ones (red and blue). (c) Top view of optic field energy distribution of an isolated
S1 -shifted L3 cavity. The FDTD simulation of mode profile is superimposed
on the SEM picture S1 -shifted L3 cavity with graphene cladding, with mode
volume: 0.073 μm3 , and quality factor∼2.0×104 Scale bar: 100 nm. (d) CMOS
processed integrated optical devices under test. The open window is for silicon
membrane undercut and graphene cladding on the photonic crystal part.

Fig. 3. Optical field distribution and calculation for effective Kerr nonlinearity
of the hybrid graphene-silicon waveguide. (a), The refractive index on the x =
0 plane. The white part is the silicon (n = 3.45) and the dark part is the air
(n = 1), (b) and (c), real and imaginary parts of TE polarized electric field
distribution on the across section in (a), (d), The refractive index on the y =
0 plane. (e) and (f), real and imaginary parts of TE polarized electric field in
(d). (g), The amplitude of electric field along the cross section of waveguide
(up), and effective area (down) along the waveguide direction. (h), nonlinear
parameter γ (= ωn2 /cAeff ) and effective Kerr coefficient of graphene silicon
waveguide.

free carrier dispersion and dynamics and thermal time constants,
is carried out with 1 ps temporal resolution.
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TABLE I
FIELD-BALANCED CALCULATED KERR COEFFICIENTS

With a baseline model without complex graphene-silicon
electronic interactions, the effective n2 can be expressed as:

n2 =
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= (3.8 + 73.2) × 10−18 = 7.7 × 10−17 (5)

where E(r) is the complex fields in the cavity. λ0 is the wave-
length in vacuum, and d = 3 is the number of dimensions. The
complex electric field E(r) is obtained from Three-dimensional
finite-difference time-domain computations of the optical cav-
ity examined [14]. n(r) is the local refractive index. The local
Kerr coefficient n2(r) is 3.8×10−18m2 /W in silicon membrane
and ∼10−13m2 /W for graphene. Both n(r) and n2(r) are homo-
geneous in silicon and graphene, so the total effective n2 can
be decomposed into two components for graphene and silicon
separately.

The resulting field-balanced effective n2 is calculated to be
7.7×10−17m2 /W (χ(3)∼ 10−12 esu) as shown in the below Ta-
ble I [5], close to the best reported chalcogenide photonic crystal
waveguides [15], [16].

The resulting nonlinear parameter γ ( = ωn2 /cAeff ) is derived
to be 800 W−1m−1 , for an effective mode area of 0.25 μm2 .

V. OBSERVATIONS OF FOUR-WAVE MIXING IN PHOTONIC

CRYSTAL WAVEGUIDE AND CAVITY

A. Hybrid Photonic Crystal Waveguide

To examine only the Kerr nonlinearity, next we per-
formed degenerate four-wave mixing measurements on the
hybrid graphene–silicon photonic crystal waveguide, with
continuous-wave laser input. In photonic crystal waveguide,
the FWM parametric gain coefficient is defined as g =
[γ∗P pumpΔk − (Δk/2)2]1/2 . The signal-to-idler conversion
efficiency (CE) is given by [17]:

Gidler =
P out

idler

P in
signal

=
(
γ0Le

)2
S4e−α i d l e r SLe (6)

where γ = ωn2 /cAeff , is the effective third order nonlinear pa-
rameter in waveguide. The effective mode area (Aeff ) of the
PhC waveguide mode is calculated to be around 0.25 μm2 .

Fig. 4. Measurement of four-wave mixing in graphene-silicon PhC structures.
(a), Output spectrum of W1 PhCWG with graphene. Pump wavelength is set at
1532.5 nm, signal detuning is set at +100 pm. (b), Measured CE versus signal
detuning from +1 nm to +8 nm with pump wavelength fixed at ∼ 1532.5 nm.
(c), Simulation of the four-wave mixing in PhCWG with graphene. The signal
laser is detuned from pump wavelength from – 4 nm to + 4 nm, and pump
from 1500 nm to 1540 nm. (d), Output spectrum of L3 cavity. Signal detuning
is set at -150 pm, and pump is set on cavity resonance. (e), Measured CE versus
signal detuning, with pump power set on cavity resonance. Inset: Conversion
efficiency versus pump detuning from the cavity resonance. (f), Mapping the
four-wave mixing in the single cavity with different signal detuning. The pump
laser is set on resonance of the cavity and enhanced by the cavity resonance.
The signal laser is detuned from cavity resonance from 70 pm to 200 pm [5].

The pump power is from a continuous-wave tunable laser near
1535 nm, and amplified by EDFA. The highest measured CE is
about -37 dB. Linear absorption increases from 0.05 dB/um to
0.15 dB/um after transferring graphene in this case. The wave-
guide we used here is 200 um long (Le ). In this sample, the
CE is almost the same as compared to the same geometry with-
out graphene because graphene induces both the higher n2 and
the higher αidler mentioned in equation (6). We derived the CE
versus pump and probe detunings. Experimental measurements
and theoretical predictions are shown in Fig. 4(a)–(c). Consid-
ering the trade-off between the linear absorption and conversion
efficiency, the optimized length of the graphene waveguide for
achieving the best CE is Le around 60 micrometers for this
graphene linear absorption level.

B. Hybrid Photonic Crystal Cavity

For the microcavity four-wave mixing, a relatively modest Q
of 7,500 was chosen to allow a∼ 200 pm cavity linewidth within
which the highly dispersive four-wave mixing can be examined.
The input pump and signal laser detunings are placed within
this linewidth, with matched TE-like input polarization, and the
powers set at 600 μW. Two example series of idler measurements
are illustrated in Fig. 4(d)–(e), with differential pump and signal
detunings respectively. In both series the parametric idler is
clearly observed as a sideband to the cavity resonance, with
the pump detuning ranging -100 pm to 30 pm and the signal
detuning shown in Fig. 4(e). For each fixed signal- and pump-
cavity detunings, the generated idler shows a slight intensity
roll-off from linear signal (or pump) power dependence when
the transmitted signal (or pump) power is greater than∼ 400 μW
due to increasing free-carrier absorption effects.
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The CE of the single cavity η = |γPpL’|2FE4
pFEs

2FEc
2 ,

where FEp , FEs , and FEc are the field enhancement factors
of pump, signal and idler respectively [18]. The effective length
L’ includes the phase mismatch and loss effects. Compared
to the original cavity length (∼ 1582.6 nm), the effective
cavity length is only slightly modified by less than 1 nm.
However, the spectral dependent field enhancement factor is
the square of the cavity build-up factor FE2 = Pcav /Pwg =
F(U/Umax )ηp

2 , where U/Umax is the normalized energy distri-
bution with the Lorentzian lineshape. ηp = 0.33 is the correction
term for the spatial misalignment between the quasi-TE mode
and graphene, and the optical field polarization. The field en-
hancement effect in the cavity is proportional to the photon mode
density: F = Qλ3 /(8πV) [19], where Q is the total quality fac-
tor, λ is the wavelength of the light, and V is the cavity mode
volume.

The enhanced two-photon-absorption and induced free-
carrier absorption would produce nonlinear losses. To inves-
tigate the direct effect of two-photon absorption and free-carrier
absorption on the four-wave mixing, we measure the CE with
varying input signal power. Extra 4-dB loss is measured when
the input signal power increases from -22 to -10 dBm, with
the additional contribution from nonlinear absorption of the
graphene-silicon cavity membrane.

A theoretical four-wave mixing model with cavity field en-
hancement [Fig. 4(e)–(f)] matches with these first graphene-
cavity observations. The detuning between the cavity reso-
nance and the laser would decrease the field enhancement
factor:

F (λ) = F (λcav )
1

1 + 4Q2
(

λ
λc av

− 1
)2 . (7)

Based on this numerical model match to the experimental
observations, the observed Kerr coefficient n2 of the graphene-
silicon cavity ensemble is 4.8×10−17m2 /W, an order of mag-
nitude larger than in monolithic silicon and GaInP-related ma-
terials [12], and two orders of magnitude larger than in silicon
nitride [20]. The computed n2 is at 7.7 ×10−17m2 /W, in the
same order of magnitude as the observed four-wave mixing
derived n2 . The remaining discrepancies arise from a Fermi
velocity slightly smaller than the ideal values (∼ 106 m/s) in
the graphene. As illustrated in Fig. 4(e) for both measurement
and theory, the derived conversion efficiencies are observed up
to -30-dB in the un-optimized graphene-cavity, even at cavity
Qs of 7,500 and low pump powers of 600 μW. We note that
for a silicon cavity without graphene the conversion efficien-
cies are dramatically lower [dashed grey line in Fig. 4(e)], and
even below the pump/signal laser spontaneous emission noise
ratio preventing observation of four-wave mixing in a single
monolithic silicon photonic crystal cavity until now.

VI. CONCLUSION

Graphene contributes 95% to the effective Kerr coefficient of
the hybrid graphene-silicon media and, with large doping, only
adds slightly to the linear absorption. These observations, in

comparison with control measurements on solely monolithic sil-
icon photonic crystal waveguides and cavities, are enabled only
by the dramatically-large χ(3) nonlinearities in graphene and the
large Q/V ratios in wavelength-localized photonic crystal cavi-
ties. These nonlinear results demonstrate the feasibility and ver-
satility of hybrid two-dimensional graphene-silicon nanopho-
tonic devices for next-generation chip-scale radio-frequency
light source and optical modulator for all-optical signal
processing.
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