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ACCESSIBLE OVERVIEW Quantum frequency combs are specialized quantum light sources that emit light of
multiple, evenly spaced frequencies. They are powerful tools that can enable multiple information channels
across time and frequency domains, all within a single spatial optical mode. This unique ability makes them
ideal for creating and controlling high-dimensional entanglement in complex quantum states. High-dimen-
sional quantum systems, or qudits, are key to advancing quantum technologies because they can store
and process denser information than traditional binary quantum systems, or qubits. These qudit systems
are valuable for fundamental research and applications such as quantum information processing, quantum
secure communication, efficient quantum computing, and quantum metrology. This article reviews recent
advancements in high-dimensional quantum frequency comb technology, highlighting its ability to generate
and control advanced states using commercially available telecom photonic components. These break-
throughs are driving the development of large-scale, practical quantum systems and unlocking new possi-
bilities in future quantum science and technology.

SUMMARY

High-dimensional entanglement in qudit states offers a promising pathway toward the realization of practical,
large-scale quantum systems that are highly controllable. These systems can be leveraged for various appli-
cations, including advanced quantum information processing, secure communications, computation, and
metrology. In this context, quantum frequency combs have a crucial role as they inherently support multiple
modes in both temporal and frequency domains, while preserving a single spatial mode. The multiple tem-
poral and frequency modes of quantum frequency combs facilitate the generation, characterization, and con-
trol of high-dimensional time-frequency entanglement in extensive quantum systems. In this review article,
we provide an overview of recent technological advancements in high-dimensional energy-time entangled
quantum frequency combs. We explore how these time-frequency qudits, achieved using scalable telecom-
munications-wavelength components, can empower the creation of large-scale quantum states. Advances
in quantum frequency combs can unlock new capabilities and versatility for promising developments in
quantum science and technology.

INTRODUCTION

The qubit, a fundamental unit in quantum information processing,
is a two-dimensional or two-state system. A qudit, representing a
quantum system with d dimensions, introduces a higher level of
complexity due to the scaling of the Hilbert space dimensionality
with @ (where d and N denote the number of dimensions and
particles, respectively). This increased dimensionality aids the
generation of large-scale quantum systems, serving as a founda-
tion for essential tests of nature that aim to address fundamental
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loopholes’™ as well as practical quantum applications. The
high-dimensional quantum states offer significant advantages,
including a substantial boost in quantum information capacity,
enhanced link speeds,”'° improved resilience to noise in quan-
tum communications,®'%"'* advanced capabilities in quantum
metrology,'®'® and the facilitation of novel algorithms for quantum
simulations and computations.’’~2°

Various physical platforms offer unique capabilities for encod-
ing and decoding large-scale quantum states, including atomic
systems,?" superconducting devices,?? and photonic qudits.*
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Figure 1. Properties and applications of high-dimen-
sional QFCs

Mode-locked QFCs feature the biphoton emission, combined
DoFs in a single spatial mode, and a variety of high-dimen-
sional entangled states can be generated to pioneer emerging
research fields. The middle inset figure was generated by
Nicoletta Barolini.

near-unity fidelity and precise control over individ-
ual modes. However, current technology mainly re-
lies on probabilistic entangled sources, posing
scalability challenges as the number of qudits (N)

increases. To overcome this, incorporating deter-
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ministic high-fidelity single-photon sources,°"
state-of-the-art superconducting nanowire single-
photon detectors (SNSPDs) with near-unity detec-
tion efficiency,’”>* ultra-low dark counts,®® and
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In general, photonic systems excel in quantum communication,
atomic systems offer stability and long coherence, while
superconducting devices provide advantages in quantum com-
putations. Here, we focus on the quantum photonic systems.
In photonic qudit platforms, two fundamentally distinct
methods are used to harness quantum information: contin-
uous-variable and discrete-variable methods. The continuous-
variable approach involves manipulating quantum information
via the quantized electric field quadrature of squeezed
states,”*?> while the discrete-variable approach utilizes Fock
states.
Continuous-variable systems encode quantum states in the
continuous amplitude and phase of photons across different de-
grees of freedom (DoFs) and platforms.?® Recently, time and fre-
quency variables have also been proposed as quantum contin-
uous variables, offering advantages for quantum information
processing in the continuous-variable framework.*° The main
advantage of continuous-variable systems is the deterministic
generation and room temperature detection using homodyne
photodiodes. However, existing systems usually rely on optical
parametric oscillators (OPOs), which are often bulky and require
sophisticated stabilization.®'™° To address this, continuous-var-
iable squeezed quantum frequency combs (QFCs) have recently
been demonstrated using on-chip platforms.*'~°
Discrete-variable systems, on the other hand, create and
detect different DoFs of single photons, allowing for the genera-
tion and precise control of individual modes in large-scale inte-
grated quantum systems.“®~* The main advantage of discrete-
variable systems is their ability to realize entangled states with
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minimal timing jitters®® is essential. These ad-
vancements aim to achieve deterministic, unit-fi-
delity quantum information processing with single
photons.

The initial creation and control of discrete-vari-
able high-dimensional photonic systems have
been successful in manipulating quantum informa-
tion in spatial and orbital angular momentum
modes.®”"® However, the footprint and complexity
of these approaches increase with the number of
dimensions (d) or particles (N) of the qudit, primarily
due to the spatial nature of the utilized DoFs, limiting the attain-
able complexity for practical systems.

In stark contrast, there has been a rapid investigation into
the discretized temporal and spectral modes of mode-locked
QFCs.”®’" This trend marks a departure from previous ap-
proaches and has gained significant attention in recent
studies.”®'°° These recent studies enable the coherent genera-
tion, characterization, and control of high-dimensional, 2%-¢1:8%:100
hyperentangled,®%:8%:11:192 or multipartite states®”:*° in a single
spatial mode. In particular, the first high-dimensional QFCs
appeared in Xie et al.?% Then, the generation and control of
multi-dimensional QFCs in telecommunication integrated sys-
tems was achieved in Reimer and co-workers.®"° Later,
high-dimensional QFCs have been utilized for quantum compu-
tational processing.?”*® The multimode temporal and spectral
properties of mode-locked QFCs provide a unique opportunity
for dense quantum information processing, making them well
suited for practical applications involving high-dimensional hy-
perentangled quantum systems.

Here, we review recent progress on the realization and
applications of high-dimensional energy-time entangled mode-
locked QFCs (see Figure 1). Previous reviews have covered
continuous-variable quantum information processing using
squeezed states,®>*®°° and demonstrations utilizing other
discrete-variable DoFs of entangled photons for complex quan-
tum information processing and using integrated chips.'%*71%8
This review addresses the generation, characterization, and
control of high-dimensional QFCs in the time and frequency
domains, focusing on QFCs generated in nonlinear optical
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waveguides via post-filtering cavities and with cavity enhance-
ment, and QFCs generated from on-chip microresonators.
Finally, we explore the potential of these d-level QFCs for future
large-scale photonic quantum science and technology
applications.

GENERATION MECHANISM OF MODE-LOCKED QFCs

In this section, we focus on generating, characterizing, and con-
trol of discrete temporal and spectral modes within high-dimen-
sional QFCs. We discuss methods for creating qudit states,
techniques for their characterization, and strategies for their con-
trol. We particularly focus on the local and non-local measure-
ments in QFCs with biphotons, which are of interest from both
fundamental and application perspectives.

Most configurations for creating entangled photon pairs in two
or higher dimensions rely on the inherently probabilistic photon-
pair generation processes, such as spontaneous parametric
downconversion (SPDC) and spontaneous four-wave mixing.
SPDC uses a %® nonlinearity to convert a higher-energy pump
photon into two lower-energy photons (signal and idler) through
three-wave mixing. Spontaneous four-wave mixing, on the other
hand, is a third-order nonlinear effect where signal and idler pho-
tons are generated by the annihilation of two pump photons.

Mode-locked QFCs exhibit discrete spectral and temporal
modes, and can be generated via SPDC photons with post-
filtering, cavity enhancement, or spontaneous four-wave mixing
in a microresonator.'°® In the time domain, the wavefunction of a
QFC state is expressed as:

No
) :/dfre*m""‘ > sinc(AmAQ)cos(mAQr)al, (t)ay (t + 7)[0),

m=—Ng

(Equation 1)

where the sinc function is the SPDC’s phase-matching function
with A related to the phase-matching bandwidth, a, and a!, are
creation operators for horizontally and vertically polarized pho-
tons, AQ is the cavity FSR in rad s™', Q is the detuning of the
SPDC'’s biphotons from frequency degeneracy, 2 Ny + 1 is the
number of cavity lines passed by an overall bandwidth-limiting
filter, Aw is the half of FWHM linewidth of cavity’s Lorentzian
transmission lineshape, 7 is the relative time delay between
signal and idler photons.

The mode-locking mechanism, a well-established technique
in ultrafast optics,’ is crucial for generating mode-locked
QFCs. It is important to note the distinction in the term mode
locking between mode-locked laser pulses, classical frequency
combs, and mode-locked QFCs'%—in the classical domain,
phase coherence among all mode-locked modes is essential
to generate ultrafast pulses and classical frequency combs,
whereas in the quantum regime, mode locking refers primarily
to phase stability between two photons in a QFC.

In 1999, Ou and Lu observed the first quantum mode-locked
biphoton state in a cavity-enhanced SPDC source using a
Fabry-Perot cavity’® (Figure 2A). The cavity was formed with the
end facets of the nonlinear crystal as one reflecting surface. By
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filtering out non-degenerate pairs with a passive filter cavity,
they measured the single-frequency-mode temporal distribution
of biphotons and extracted a cavity bandwidth of 44 MHz (Fig-
ure 2B). A few years later, the same group created another
mode-locked two-photon state (Figure 2C) using a fiber cavity
to filter SPDC photons, discretizing their spectrum.”” They
observed the mode-locking process by measuring the first
Hong-Ou-Mandel (HOM) revivals (Figure 2D), as predicted by
Shapiro, " noting that the HOM revival period was half the cavity
round-trip time. In mode-locked QFC generation, biphotons with
either a delay of one cavity round-trip time or simultaneous occur-
rence show coherence, both producing HOM interference.”” Intu-
itively, from the quantum optics perspective, HOM interference
reveals the time-frequency indistinguishability of photon pairs
generated in a multimode QFC. Therefore, HOM interference
probes local indistinguishability and the multimode structure of
QFCs, revealing how the modes are correlated in the time-fre-
quency domain. In 2015, researchers observed high-visibility
HOM revival interferences (central HOM dip visibility up to
96.5% after accidental subtractions) with 19 HOM dips, expand-
ing usable temporal modes in QFCs®° (Figure 2E). More recently,
high-visibility HOM revival interferences were measured in a cav-
ity-enhanced mode-locked biphoton state over a large path
length difference.’"" Using a 100 GHz phase-matching bandwidth
SPDC crystal, a 120.8 MHz FSR bow-tie cavity, and optical fiber
with delays of multiple cavity round-trip times, they demonstrated
HOM interferences up to the 84th dip, corresponding to a 105-m
pathlength difference (Figure 2F).

Besides the QFC generation scheme using SPDC photons in
cavities, recently, integrated QFC with spontaneous four-wave
mixing has also become a rapidly growing field of research.?'~%°
Similar to the QFC generation scheme in Figure 2A, integrated
QFC from spontaneous four-wave mixing is also a cavity-
enhanced process. The phase-matching condition in spontaneous
four-wave mixing is typically designed such that the bandwidth of
the photon pair can cover multiple resonances, which occurs un-
der low anomalous second-order dispersion.”®#"%% What makes
integrated QFCs particularly attractive is that they intrinsically sup-
port multiple temporal and spectral modes in an on-chip device,
providing advantages of miniaturization and low power consump-
tion. Integrated QFCs were first observed in OPOs pumped below
threshold.”®”® Due to their small footprint, these multimodal
sources support cavity FSR in the range of a few dozens to a few
hundreds of GHz, which is well suited for commercial telecom
technologies.?™° In addition to cavity-based QFC generation,
QFC-like structures can be generated by using quantum interfer-
ence to modulate the continuous spectrum of photon pairs to
generate a QFC-like structure''*'"™® or by using domain-engi-
neered phase-matching conditions in the SPDC process.''*''®

To fully utilize the multimode structure in QFCs, it is essential to
measure and characterize the temporal and spectral properties
of entangled photon pairs. The frequency spectrum of QFCs
shows a multimode feature while conserving energy and mo-
mentum in the SPDC process, leading to discretized anti-corre-
lation in the joint spectral intensity (JSI). Due to Fourier transform
duality, QFCs generate a strong multimode temporal correlation
in the joint temporal intensity (JTI) when signal and idler photons
are created simultaneously within the biphoton’s coherence
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Figure 2. Cavity mode-locked mechanism and recurrences of second-order signatures in QFCs

(A) The schematic for the generation of mode-locked two-photon states in a Fabry-Perot-type cavity-enhanced SPDC.

(B) Temporal correlation signatures of single-frequency-mode two-photon states in a cavity-enhanced SPDC.

(C) Principles of mode-locked QFC generation using post-filtered SPDC entangled photon pairs. Example SPDC and cavity spectrum and the output of post-
filtered QFC spectrum. The dark red arrow and box are the SPDC spectrum, while the purple arrow and box indicate the spectrum of the filtering cavity. This
approach leads to a discrete energy-time correlated QFC. The generated photon pair is entangled across the frequency-bins in the SPDC bandwidth.

(D) The first HOM revival measurements of the mode-locked two-photon states. M1 is the mirror used in the measurement.

(E) The observed high-visibility 19 HOM revival interferences without post-selection in a mode-locked doubly filtered QFC.

(F) Example HOM revival interferences from a cavity-enhanced SPDC source for 0 and 42 round trips. At is the coarse time delay, and the T is the cavity round-trip
time. In both (E) and (F), the period of HOM revival measurements is half of the cavity round-trip time of the QFCs, resulting from the mode-locking nature of the
process. The graphs in (B) are reprinted with permission from Qu and Lu,”® APS. (D) Reprinted with permission from Lu et al.,”” APS. (E) Adapted with permission
from Xie et al.,%° Springer Nature Limited. (F) Adapted with permission from Rambach et al.,"'" APS.

time. We next discuss techniques for characterizing the JTI of
SPDC two-photon states.

CHARACTERIZING THE JTI OF SPDC

Directly measuring JTI, which represents the probability of de-
tecting biphotons at specific arrival times, is challenging with
current SNSPDs due to the femtosecond timescales of SPDC
photon correlations. Temporal cross-correlation measurements
are feasible only when the timing jitter of detectors (typically
20-200 ps) is smaller than the Fourier transform of the cavity’s
free spectral range (FSR) for cavity-enhanced SPDC sources
with few GHz FSR''® (Figure 3A) or the Fourier transform band-
width of SPDC biphotons in narrow phase-matching bandwidth
sources.''” This method provides the most direct measure-
ments for probing the JTI of SPDC photons, and the main limita-
tion is the Fourier transform bandwidth of the photon-pair source
or the cavity FSR of QFCs needs to be less than the effective
timing resolution of SNSPDs. Alternative methods to bypass
this timescale limitation include sum-frequency generation
(SFG)-based ultrafast coincidence counting’'®'2° (Figure 3B)
and temporal magnification with a time lens'®" (Figure 3C).
Higher-resolution measurements are possible by the use of
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SFG-based ultrafast coincidence counting and temporal magni-
fication with a time lens. The former not only enables the JTI to be
measured at femtosecond timescales, but also allows for non-
local dispersion cancellation to be observed at the same time-
scales. The latter works by magnifying the temporal correlation
of biphotons so that even commercial single-photon detectors
are able to resolve their JTI. Both methods, however, are compli-
cated to implement. Two-photon interferometry can reconstruct
the temporal wavefunction of biphotons'?>~'?® and, recently,
conjugate Franson interferometry has been used to measure
the JTI and spectral phase of SPDC photons'?"'?8 (Figure 3D).
This technique provides the JTI measurement of photon pairs
by using the interference visibility of conjugate Franson interfer-
ometry, since the fringe visibility is sensitive to the spectral phase
of biphotons. The main benefit of this method is that it works with
commercial single-photon detectors and does not require
complicated setups. Yet, the stability and the quality of the inter-
ference visibility needs to be stable and high enough for charac-
terizing the JTI of biphotons precisely.

Generally, it can be seen that JTI measurements are limited by
the temporal resolution of single-photon detectors, and the
Fourier transform bandwidth of the photon pairs. Besides JTI,
direct measurement of the joint temporal amplitude (JTA) can
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Figure 3. Probing joint temporal and spectral characteristics in frequency-correlated SPDC entangled photons

(A) Temporal second-order cross-correlation function between signal and idler photons in a cavity-enhanced SPDC source.

(B) Direct observation of the SPDC JTI with strong positive correlations by using sum-frequency generation (SFG) and ultrafast optical temporal gating pulses.
(C) Measured JTI of SPDC photons with the time lens, showing bunched behavior of biphotons. Here, t4, t5 are the time delay for signal and idler photons,
respectively.

(D) Two-photon conjugate Franson interference visibility versus a function of applied spectral phase, which can be used to probe the JTI between SPDC photons
with the same JSI. Error bars represent one standard deviation of three measurements.

E) A measurement of the JSI for an eight-dimensional QFC.

F) Direct measurement of JSI of energy-time entangled SPDC photons using SFG that operates on ultrafast timescales.

G) Measured JSI profile of SPDC biphotons using dispersive fiber spectroscopy.

H) Measured JSI of SPDC photons via time lens, with strong frequency anti-correlations.

(I and J) The summary comparison tables for various techniques in JTI and JSI measurements of SPDC photons, respectively. The graph in (A) is reprinted with
permission from Shapiro, ''° AIP. (B) Adapted with permission from MacLean et al.,'*° APS. (C) Reprinted from Mittal et al.,’>" APS. (D) Adapted with permission
from Chen et al.,'*® APS. (E) Reprinted from Imany et al.,°> AAAS. (F) Reprinted from MacLean et al.,'*° APS. (G) Adapted with permission from Chen et al.,'*°
OSA. (H) Reprinted from Donohue et al.,'*° APS.
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spectrally resolved coincidence measurements with standard
single-photon detectors.'®> Common methods to characterize
the JSI of SPDC biphoton pairs include frequency-bin filtering
measurements®® %% 33 (Figure 3E), SFG-based ultrafast coinci-
dence counting'?%'%*7'%¢ (Figure 3F), dispersive fiber spectros-
copy #2171 (Figure 3G), and spectral negative magnification
via time lens'?""%° (Figure 3H). The frequency-bin filtering mea-
surements are the most direct method, albeit with the
typical bandwidth limitation of a few GHz to 100 GHz in telecom

provide phase information, but standard coincidence counting
lacks tools for full spectral phase probing. JTA can be recon-
structed via interferometric techniques'>*'2® or temporal ampli-
tude-phase modulation with frequency-resolved detection. "

CHARACTERIZING THE JSI OF SPDC

The JSI, the conjugate of JTI, represents the frequency correla-
tion of energy-matched photon pairs and can be measured via

Newton 7, March 3, 2025 5



¢ CellPress

OPEN ACCESS

wavelengths. As was the case for JTI measurements, SFG-
based ultrafast coincidence counting and time lenses provide
frequency-resolved detection, but at the expense of more
involved experimental setups. In contrast, dispersive fiber
spectroscopy can be performed in a compact setup with less-
stringent requirements on optical alignment, but its spectral
resolution is set by the dispersion of the system and the timing
resolution of the single-photon detectors. Besides, it is also
possible to probe the JSI of SPDC photon pairs by shifting
biphoton frequencies by pump tuning or nonlinear crystal con-
trol.’® Finally, in Figures 3| and 3J, we provide summary com-
parison tables of different techniques used in JTI and JSI mea-
surements of SPDC photons, respectively.

Generally, it can be seen that JSI measurements are limited by
the spectral resolution of the various techniques, and the band-
width of the photon pairs. Similar to JTI measurements, full quan-
tum-state reconstruction with coincidence counting methods is
challenging, but direct measurement of joint spectral amplitude
(JSA) has been demonstrated,’**'*5"'*® and new methods
such as modified Franson interferometry aim to retrieve full
spectral amplitude and phase information.'*® Recently, a disper-
sion-engineered JSI SPDC source with a record-high 100 THz
bandwidth has been demonstrated, '°° and non-phase-matched
SPDC sources offer a route to significantly increase the degree
of frequency entanglement, surpassing standard phase-
matched sources. '’

In addition to individual characterization of JTI and JSI,
Franson and conjugate Franson interferometry can be used
together to exploit temporal correlation and spectral anti-corre-
lation,"?”'>? enabling phase-sensitive quantum interference in
Franson-type interferometers. Franson interferometry uses
unbalanced Mach-Zehnder interferometers (MZIs) with a path-
length difference (AT). To avoid local interference and accurately
register indistinguishable single photons, AT must exceed the
single-photon coherence time (oc0n) and the timing jitter (67) of
the detectors. It incorporates a time delay and coincidence
measurements to reveal the JSI of entangled photons.'?” Since
Franson measurements are temporal, their visibility is sensitive
to the temporal phase of biphotons.?%#%"%° Conjugate Franson
interferometry uses two MZIs with equal path differences and a
frequency shift (AQ) to eliminate local interference, applying a
frequency shift of + AQ and non-local dispersion cancellation
+065 (62AQ>0T) to measure frequency domain coincidences,
revealing the JTI of biphotons.'?”'%® Combining both interferom-
etries fully certifies energy-time entanglement by characterizing
the biphoton wavefunction. While Franson interferometry mea-
sures JSI and temporal phase, conjugate Franson interferometry
captures the spectral phase, providing a complete characteriza-
tion of the quantum state. Dual-basis Franson interferometry can
also be used for secure high-dimensional quantum key distribu-
tion (QKD)."?” These techniques are further discussed in a later
section.

HIGH-DIMENSIONAL TIME-BIN ENTANGLEMENT IN
QFCs

We now explore high-dimensional entanglement in QFCs,
focusing on the time and frequency domains. Besides HOM
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revival interference measurements, Franson interferometry has
also shown the revival of quantum interference, with the fringe
reappearance period corresponding to multiples of the QFC’s in-
verse frequency spacing®®'°%'5% (Figure 4A). These discrete
temporal revivals, due to mode locking, reveal high-dimensional
energy-time entanglement. Franson interference directly mea-
sures the global coherence and energy-time correlations across
different temporal modes in the QFC, provided that the QFCs are
high-dimensional energy-time entangled in a non-local fashion.
The high interference visibility (typically over 71%, for Bell
inequality violation) in Franson interference patterns supports
the high-dimensional energy-time entanglement in correlated
frequency modes of QFC.

The temporal wavefunction of a QFC state has been described
earlier in Equation 1. Consequently, QFC scaling to d dimensions
can be achieved by increasing the FSR-to-bandwidth ratio of the
cavity, allowing more time-bins with the same SPDC bandwidth.
However, this leads to diminished Franson revival interference
visibility due to the cavity’s small finesse (Figure 4A). Figure 4B
is the Schmidt mode eigenvalues that are calculated from the
visibilities of HOM revival interferences, and the resulting
Schmidt mode eigenvalues are smaller for lower interference vis-
ibilities. Hence, reduction of the HOM and Franson recurrence
visibility will result in a lower dimensionality. This limits the
scaling of entanglement of formation (E,;) and certifiable dimen-
sionality in QFCs (Figure 4C). The entanglement of formation, E,,
quantifies entanglement and represents the minimum number of
maximally entangled two-qubit states needed to create a density
matrix, p. A certification of the dimensionality of the QFCs, it is
described by:

BZ
Es > — log, (1 — ?), (Equation 2)

where

B=——2_

.7k .7 k><k7 j k7 .> 9
c (i, klplj Jlplk,j

jk)e C
(l])<k

(Equation 3)

with p being the time-binned state’s density matrix, and |j, k) be-
ing the biphoton key for the /" signal time-bin and the k" idler
time-bin. In addition, C is the set of time-bin indices used in
the sum, with |C| being that set’s cardinality.

This lower bound remains useful even with access to only
a submatrix of the density matrix. For a d xd submatrix, a maxi-
mally entangled state has B = 2(d — 1)/d, leading to
Eor = log,(d) ebits. In high-dimensional entanglement, this
provides a quantitative lower bound, offering insights into the
system’s entanglement.’*® For qudit systems, E,; must exceed
1 ebit to surpass the two-dimensional qubit limit. For measure-
ments in Figure 4A, Eyf of 1.89 + 0.03 ebits is certified for a local
dimension of 16 in a 45 GHz FSR QFC, and an Ef of 1.40 + 0.05
ebits is certified for the same local dimension in a 15 GHz FSR
QFC."°° Although ebits decline due to decreased Franson revival
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Figure 4. High-dimensional time-frequency entanglement in mode-locked QFCs
(A) Franson revival interferences using a mode-locked doubly-filtered QFC, demonstrating high-dimensional energy-time entanglement covering 16 time bins.
C.C, coincidence counts. AT is the fine time delay in one arm of the Franson interferometer. The inset is the comparison when the time delay is detuned from the

cavity FSR, where there is no observable Franson fringes.

(B) The Schmidt mode eigenvalues (dark blue line) versus different time bins (histogram) from HOM interferometry and the corresponding visibilities of the HOM
interference recurrences. Here, the Schmidt mode eigenvalues are calculated from the visibilities of HOM revival interferences.
(C) Lower bounds for the entanglement of formation (ebits) versus dimension d, in reconstructing the density matrix from Franson recurrence interference

measurements.

(D) Measured frequency-correlated JSI of a mode-locked doubly-filtered QFC, with the measured Schmidt number K about 50.
(E) Frequency domain high-visibility interference as a function of spectral phase in a mode-locked QFC. Error bars denote the standard deviation predicted by

Poissonian statistics.

(F) Time domain second-order cross-correlation measurements using a cavity-enhanced SPDC source. Inset is the zoom-in of the time domain second-order

cross-correlation measurements.

(G) The Schmidt mode eigenvalues for measured QFC states from a 45 GHz FSR cavity. In (B) and (G), the dominant Schmidt mode eigenvalues for each high-
dimensional BFC have been highlighted within the orange-dashed boxes and detailed in the supplemental information of Chang et al.'°° The measurements alone
in (D) do not verify high-dimensional frequency-bin entanglement in QFCs; however, by incorporating measurements of frequency-bin mixing and temporal
mode-locked oscillations in (E) and (F), they together certify the high-dimensional frequency-bin entanglement in QFC. The graphs in (A—-C) and (G) are reprinted
with permission from Chang et al.,'®° Springer Nature Limited. (D) Reprinted from Lu et al.,*® OSA. (E) Reprinted from Lu et al.,?*> Springer Nature Limited. (F)

Reprinted from Scholz et al.,">* APS.

interference visibility, this can be improved with a cavity of higher
finesse and reasonable Q-factor (typically 10° to 107 in telecom
wavelengths) under the same FSR.%101:1567158  However,
increasing cavity finesse improves Franson recurrence visibility
but requires longer temporal delays for probing more time-
bins. For even larger delays, the size of the fiber interferometer
and its temperature stability become issues; a free-space bulky
Franson interferometer'>>'59""®" could be used but needs active
stabilization feedback for phase-sensitive non-local quantum
interferences.

The scalability of high-dimensional time-bin entanglement is
limited by detection capabilities, the number of interferometers,
imbalances within interferometers, and the timing jitter of single-
photon detectors. For instance, although the quantum state to-
mography can provide complete characterization of a four-
dimensional time-bin qudits state'®?; however, the number of
required interferometers scales linearly with the number of

time-bins or dimensionality d.'®® Certifying high-dimensional or
multipartite entanglement with a limited number of measure-
ments is challenging, as quantum-state tomography becomes
extremely time-consuming or unavailable for complex states.'®*
Alternatively, high-dimensional time-bin entanglement in QFCs
can be certified by using a reasonable number of measurements
on the Franson interference fringes, and the theoretical assump-
tions on the quantum states, to derive the lower bound estima-
tion of E,.'0%15%1%8 Gimilarly, multiple Franson interference
fringes from QFCs can be used to provide the witness of qudit
time-bin entanglement by violating the Bell inequality®®-5*1%;
however, this method is limited to verifying entanglement, but
not full characterization of the quantum state. Another recent
method is to find and measure mutually unbiased basis
(MUBS) for certain dimensionality d, which requires no full quan-
tum state tomography for high-dimensional time-bin entangle-
ment certification.'%*'%°'73 |n a Hilbert space of dimensionality
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d, MUBs consist of orthonormal bases where the inner product
between states from different bases equals 1/d. Measurements
in one MUB provide no information about a state prepared in
another, due to quantum uncertainty.'®®'%° For a d-dimensional
subspace, there are d+1 sets of MUBs.'®® The limitation of this
method is that it typically requires high-precision spectral or tem-
poral measurements to estimate MUBs.

On the application side, finding the correct MUBs is crucial for
prepare-and-measure QKD schemes such as BB84.'®” There
are three main approaches for finding MUBs in energy-time
DoF: inserting equal amplitude but opposite sign group velocity
dispersions on biphotons,'”®'"" using multiple Franson interfer-
ometers,'®*'"? or employing a cascade of electro-optic phase
modulators.’”® Each method has its strengths and challenges,
such as insertion loss, alignment, and scaling.'®® Entangle-
ment-based QKD protocols, however, do not require MUB
measurements and use quantum non-local interferometry for
entanglement characterization.®'?”"'"* Franson-type interfer-
ometry can test Bell’s inequality and set upper limits on Eve’s
Holevo information leakage.>'”>'"® While past work used
single-photon detectors with timing jitter in the range of tens to
hundreds of ps, recent advances with SNSPDs achieving sub-
3 ps resolution®® are expected to enhance the exploration and
scaling of high-dimensional time-bin entanglement for applica-
tions such as quantum communication and computing.

HIGH-DIMENSIONAL FREQUENCY-BIN
ENTANGLEMENT IN QFCs

In QFCs, mode locking occurs simultaneously in both the time
and frequency domains. Notably, the resulting spectral correla-
tion from these quantum combs is discrete rather than contin-
uous (Figure 4D). Complementary to Equation 1, the spectral
wavefunction of the QFC is written as:

) = i /dQ f(Q)f(Q — mAQ)éL(% + Q)

(Equation 4)

where w, is the frequency of pump photon, f(Q) is the
sinc(AmAQ) in Equation 1, f(Q —mAQ) is the single frequency-
bin profile defined by the cavity’s Lorentzian transmission line-
shape with FWHM linewidth 2Aw, as f(Q) = 1/[(Aa))2 +Q2).
Since 2014, high-dimensional frequency-bin entanglement in
QFCs has gained significant attention as previous limitations in
mixing and manipulating multiple frequency-bins have been
lifted. With the introduction of frequency-bin control,’”” Fourier
transform pulse shapers and electro-optic phase modulators
have become key tools for complex quantum information pro-
cessing and quantum computing in QFCs.?%#6899 Pigneered
by Weiner,'%'"® pulse shapers act as user-programmable filters
for spectral amplitude and phase, while phase modulators facili-
tate frequency-bin superposition measurements. Cascading
these tools allows for unitary and universal gate operations on
multiple frequency-bins. 68889
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Besides generation and control, certifying high-dimensional
frequency-bin entanglement is crucial. Solely measuring JSI for
frequency-correlation (Figure 4D) is inadequate due to unknown
spectral phase coherence. Certification can be achieved by
measuring spectral phase coherence via quantum interference
after mixing frequency-bins®® (Figure 4E), or using JSI with com-
plementary JTI measurements'>* (Figure 4F). In addition, HOM
and Franson revival interference measurements, combined
with JTI measurements, can further confirm high-dimensional
entanglement.’>® Schmidt mode decompositions are also used
to quantify dimensionality by extracting the Schmidt number K
from the JSA or JTA. The Schmidt number K is defined as:

K = (ZA5)717whereZAn =1,

(Equation 5)

with {1, } being the Schmidt mode eigenvalues. For frequency- or
time-bins, Schmidt eigenvalues come from the frequency-binned
JSA or time-binned JTA. Directly measuring JSA and JTA is chal-
lenging due to the need to reconstruct complete phase informa-
tion. Instead, JSI and JTI measurements are used to estimate
the Schmidt number, assuming a pure quantum state,%8%10
The Schmidt number K measures the number of correlated
modes in a quantum state' "% (Figure 4G). The discrete multi-
mode nature of mode-locked QFCs allows quantification of their
Hilbert space dimensionality through Schmidt mode decomposi-
tions in frequency and time domains.®2%%'%° Although the
Schmidt number K reflects frequency-correlation and correlated
modes, it requires knowledge of the spectral phase from JSA.
The frequency domain Schmidt number K can represent quantum
dimensionality in QFCs with direct JTI measurements or fre-
quency-bin mixing. High-dimensional correlated frequency-bins
has been demonstrated in QFCs,?>%%°® with a measured Schmidt
number K of approximately 20 in a 50 GHz FSR QFC and about 50
in a 25 GHz FSR QFC.%°%¢ Recently, an E,sof 2.198 + 0.007 ebits
is certified in a 40 GHz FSR QFC, and an E,of 2.50 + 0.08 ebits is
certified in a 40.5 GHz FSR integrated QFC using high-dimen-
sional frequency-bin encoding and Bayesian tomography.®®
Besides the QFCs based on two photons, the generation of a
multi-photon energy-time entangled state using integrated QFCs
has been demonstrated.?'®* First, in Figure 5A, the single-photon
frequency spectrum of an integrated QFC is measured from tele-
com S to L band. Six frequency-bin pairs have been measured
with raw entanglement visibility over 80%. Each photon of the
spectrally filtered frequency-bin pair from an on-chip QFC is indi-
vidually passed through an unbalanced fiber interferometer with
the temporal imbalance equal to the time-bin separation of the
two pulses for quantum-state tomography measurements. The
measured quantum interference and density matrix of the four-
photon entangled qudit state are 89% and 64% (Figure 5B),
respectively. Later, the same group demonstrated the generation
and coherent control of an integrated 10-dimensional QFC using
pulse shapers and electro-optic phase modulators (Figure 5C).
Then, they performed quantum-state tomography of high-dimen-
sional frequency-bin qudit states (d = 3 and 4), with quantum infer-
ence visibility of 86.6% and 86.4 %, and with quantum state fidelity
of 80.9% and 76.6% (Figure 5D), respectively. These works high-
light the scalability of multi-photon QFC state, as it can be
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Figure 5. High-dimensional time-frequency entanglement in integrated QFCs
(A) The measured frequency spectrum of integrated QFC in a Hydex four-port microring resonator.
(B) Full quantum-state tomography measurements of a four-photon time-frequency entangled states. The measured quantum interference and density matrix of

the four-photon entangled qudit state are 89% and 64%, respectively.
(C) The experimental setup for coherence control of on-chip QFC.

(D) Quantum-state tomography of high-dimensional frequency-bin qudit states (d = 3 and 4), with quantum inference visibility of 86.6% and 86.4%, and with
quantum state fidelity of 80.9% and 76.6%, respectively. The graphs in (A) and (B) reprinted with permission from Reimer et al.,%" AAAS. (C and D) Reprinted from

Kues et al.,** Springer Nature Limited.

generated and controlled using commercial telecom components
and integrated on-chip devices.®"#*

Here, we briefly summarize different methods for high-dimen-
sional frequency-bin entanglement certification using QFCs.
Quantum-state tomography provides full characterization of the
qudit state, but it comes with the cost of exponentially increasing
the number of measurements as dimensionality d increases. The
other method is to use quantum interference fringes for frequency
qudit state of QFCs to violate the Bell inequality; however, this
method is limited to verifying entanglement instead of full charac-
terization of the quantum state. Another method to certify high-
dimensional frequency-bin entanglement in QFCs is to use
random phases from pulse shaper, prior knowledge of the quan-
tum state, and Bayesian tomography to derive the lower-bound
estimation of E,.°° The high-dimensional frequency-bin certifica-
tion for QFC state can be achieved by measuring spectral phase
coherence via quantum interference after mixing frequency-
bins,?*8>86:93 with the limitation on the optical loss in the process
of frequency-bin superposition. The other recent method for wit-
nessing qudit frequency-bin state of QFCs is via using JSI and
complementary JTI measurements, where the spectral phase in-
formation is provided in the JTI measurements.'**'°® This method
has limitation on the JTI measurements, which is due to the timing
resolution of single-photon detectors.

The scalability of high-dimensional frequency-bin entanglement
is influenced by several factors, including the number of elements,
bandwidth for electro-optic phase modulators, cavity FSR, and
insertion loss per element (typically a few dB in telecom wave-
lengths). As with high-dimensional energy-time and time-bin
entanglement, the number of elements increases linearly with the
number of frequency-bins or dimensionality (d) of the entangled
system. Modulation efficiency tends to decrease as dimensionality
increases.'®" While commercially available devices typically have
a bandwidth limit of 50 GHz, cutting-edge electro-optic phase
modulators now reach 100 GHz, '®%®® with further improvements
expected. Alternatively, using smaller FSR QFCs also scales the
dimensionality d of high-dimensional frequency-bin entanglement.
For instance, several studies have demonstrated high-dimen-
sional frequency-bin entanglement with cavities having FSRs
smaller than 50 GHz.%%-°>1°° On-chip integration techniques can
help mitigate coupling loss in electro-optic phase modulators,
pulse shapers, and frequency shifters, 8218418

FRANSON AND CONJUGATE FRANSON
INTERFEROMETRY

Franson and conjugate Franson interferometry are key methods
in quantum information science for characterizing and verifying
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Figure 6. Franson and conjugate Franson interferometry for high-dimensional time-frequency entanglement verification
(A) Experimental scheme of Franson interferometer to verify high-dimensional energy-time entanglement in a QFC state.
(B) The first Franson revival interferences measured in a mode-locked QFC, demonstrating high-dimensional energy-time entanglement covering six resonances

where a—f indicate discrete time-bin positions.

(C) Theoretical fringe envelope of Franson interference revivals for a QFC, with superimposed experimental data.
(D) Comparison of experimental and theoretical visibility of high-dimensional Franson interference fringes as a function of time delay, with central Franson visibility

of 97.8% after accidental subtractions.

(E) Experimental setup of the conjugate Franson interferometer, comprising two MZIs with equal length arms and an optical frequency shifter placed in one arm of

each MZI.

(F) JTI of a biphoton state with different spectral phases 0/2 = (upper) and = (lower).

(G) Conjugate Franson fringe visibility as a function of spectral phase. The current experimental conjugate Franson interference (CFl) visibility is 96% + 1% without
background subtraction. The conjugate Franson interference visibility degrades when spectral phase variation is introduced. Error bars represent one standard
deviation of three measurements. The graphs in (A)-(D) are reprinted with permission from Xie et al.,®’ Springer Nature Limited. (E-G) Adapted with permission

from Chen et al.,'*® APS.

the joint high-dimensional time-frequency entanglement, essen-
tial for advanced quantum communication and computing.
These techniques use quantum superposition and interference
principles to explore entanglement across multiple time- and fre-
quency-bins, deepening our understanding of these quantum
Systems'100,153,155,156

Franson interferometry,'®” introduced by James Franson in
1989, involves a two-path interferometer where a photon pair,
generated via SPDC, is split and sent through two unbalanced
MZIs (Figure 6A). The pathlength difference introduces a relative
time delay, enabling the measurement of two-photon interfer-
ence patterns from indistinguishable temporal paths. This setup
measures energy-time entanglement and coherence between
photons. Recent demonstrations of Franson revival interfer-
ences® utilize tunable delays across multiple time-bins at the
integer of the cavity, with central Franson visibility of 97.8% after
accidental subtractions. This experiment provides the high-
dimensional energy-time entanglement with interference recur-
rence visibilities in a QFC (Figures 6B-6D). Conjugate Franson
interferometry extends this approach by incorporating disper-
sive elements that introduce frequency-dependent delays'2”+'2#
(Figure 6E). This allows control of interference patterns in the
time domain and examination of entanglement in conjugate
time-frequency variables, verifying spectral phase coherence
with the same JSI but different JTI (Figures 6F and 6G). Currently,
the highest experimental conjugate Franson interference visibil-

10 Newton 7, March 3, 2025

ity achieved is 96% + 1% without background subtraction.'?®
Moreover, the theoretical conjugate Franson recurrence interfer-
ence Vvisibilities for the entangled QFC state is given in
Chang et al.,'® providing another method for certification of
high-dimensional frequency-bin entanglement in QFCs. These
methods are crucial for probing quantum mechanics and have
practical implications for quantum technologies. They enhance
the performance and security of quantum communication,
allowing greater information transmission per photon and resil-
ience against eavesdropping.'?” In addition, they are vital for
developing quantum computing architectures using time-fre-
quency modes as qudits, advancing large-scale quantum infor-
mation processing.

HIGH-DIMENSIONAL TIME-FREQUENCY
ENTANGLEMENT IN QFCs

Hyperentanglement involves correlation of all accessible DoFs
between two or more particles, including time, frequency, spin
angular momentum (polarization), and orbital angular mo-
mentum.'®® For example, the d-level quantum states involving
multiple particles are often created using Greenberger-Horne-
Zeilinger (GHZ) states with orbital angular momentum. These
are typically generated in bulk free-space setups,®”'®” but suffer
from reduced coherence time and detection rates, bounding the
realization to 27-dimensional spaces.'®’ In contrast, multimode
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Figure 7. Hyperentanglement in mode-locked QFCs

(A) Time-frequency hyperentanglement generation scheme. An optical pulse train excites a nonlinear medium to generate a time-bin entangled two-photon state.
A single pulse excites a nonlinear medium in a cavity to generate photon pair over a broad bandwidth, i.e., a frequency-bin entangled state. An optical pulse train
excites a nonlinear medium in a cavity to generate a simultaneously time- and frequency-bin entangled state, i.e., a time-frequency hyperentangled state.

(B) An example two-photon time-frequency hyperentangled state comprising three temporal modes and three frequency modes per signal and idler photon.
(C) The demonstration of a four-party 32-dimensional GHZ state using a high-dimensional gate operation for hyperentangled QFC, encoding up to 20 qubits.
(D) Zoomed-in submatrices of matched and unmatched signal and idler frequency-bins in (C). The graphs in (A) and (B) were adapted with permission from Reimer
et al.,®” Springer Nature Limited. (C and D) Adapted with permission from Imany et al.,% Springer Nature Limited.

time- and frequency-bin entanglement allows the creation of hy-
perentangled states, such as a four-party high-dimensional GHZ
state® or a three-level four-partite cluster state,®” using only
QFCs without extra particles. High-dimensional entanglement
in QFCs involves connecting time-bin and frequency-bin observ-
ables, two discrete forms of energy-time entanglement. High-
dimensional time-frequency entanglement can serve as the
foundation for time-frequency hyperentanglement. For example,
these states can be created by exciting SPDC or spontaneous
four-wave mixing mediums with multiple temporal pulses (Fig-
ure 7A). The key requirement is that pulse separation must
exceed the cavity photon lifetime to achieve a time-frequency
product greater than the EPR limit (AvAt > 1, where Ay, At
represent the frequency and time spacing between different
modes), allowing independent control of time- and frequency-
bins (Figure 7B)."%'® Time-frequency entanglement requires
a pulsed pumping scheme, as continuous-wave pumping
aligns cavity round-trip time with frequency spacing, yielding
AvAt = 1. Figure 7B is an experimental example of a two-
photon time-frequency hyperentangled state, consisting of three
temporal modes and three frequency modes per signal and idler
photon.®” Recent experimental demonstrations using a
controlled-NOT gate and entangled states show a four-party
GHZ state with 32 dimensions per DoF®° (Figures 7C and 7D),
corresponding to a Hilbert dimensionality of 324, equivalent to
20 qubits. However, this GHZ state, while realized using QFCs,
is not directly applicable for genuine multi-party GHZ applica-
tions, such as Mermin inequality violations.'®”:'8°
Hyperentanglement by combining temporal or spectral modes
with other DoFs is helpful for implementing deterministic

controlled-NOT gates, °°~'°° foundational for applications such
as dense quantum coding,®*'°%'%¢ high-dimensional quantum
networks,'9"'9¢ efficient quantum memory storage,’®® and
superdense quantum teleportation.?® Specifically, entangle-
ment in QFCs has been demonstrated for time-frequency,®” en-
ergy-time polarization,®° and frequency polarization DoFs. "%
An on-chip QFC has also been integrated into a Sagnac interfer-
ometer to generate hyperentanglement with frequency polariza-
tion DoFs.'”? High-dimensional time-frequency entanglement
in QFCs leverages its multiple temporal and spectral mode
structure, compatible with fiber optical technology. This
approach enhances noise tolerance and increases the effective
quantum resource rate, enabling advanced and robust quantum
computations.

DOUBLY AND SINGLY-RESONANT CAVITY-ENHANCED
QFCs

The mode-locked QFCs discussed above operate in a doubly-
resonant (DR) configuration, where the signal and idler photon
spectra are confined within the cavity modes simultaneously
(Figure 2A). Since the first cavity-enhanced SPDC source was
demonstrated,”® many studies have focused on DR-OPO
schemes operated far below threshold.?®'~?"° This approach en-
hances the biphoton flux by a factor of cavity finesse and the
brightness by the square of the finesse.”’’ The bandwidth of
these sources typically ranges from a few MHz to 100 MHz,?'?
useful for integrating quantum memory with atomic ensembles
whose bandwidth is 10-100 MHz.?'"® However, this scheme
faces stability issues due to maintaining resonance conditions
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Figure 8. Mode-locked doubly- and singly-filtered QFCs
(A) Schemes for mode-locked doubly- and singly-filtered QFCs.

Cavity round-trips

(B) Example JSI of doubly- and singly-filtered QFCs. While the FSR of comb structures remains consistent across doubly- and singly-filtered schemes in the
frequency domain, their JSI exhibits two notable distinctions. First, in doubly-filtered QFC, the JSI has a more rapid decay as the frequency offset from the comb
center increases, contrasting with the singly-filtered scheme. Second, the singly-filtered QFC displays a higher unnormalized power spectral intensity compared

with the doubly-filtered configuration.

(C) Modeled signal-idler cross-correlation g function (cross-section of JTI) of doubly- and singly-filtered QFC. Here, the signal-idler cross-correlation g®
functions exhibit double- and single-sided temporal oscillating structures with a detection timing jitter 6T of 5 ps.

(D) The experimental and theoretical visibilities of the Franson revival interference fringes in mode-locked doubly- and singly-filtered QFC. The coincidence
counts in Franson interference experiments are superimposed for 16 positive time bins. (E) The Franson recurrence visibility and corresponding time-bin Schmidt
eigenvalues for mode-locked doubly- (red line and yellow bar) and singly-filtered (blue line and green bar) QFCs. The graphs and data in (D) and (E) are reprinted
with permission from Chang et al.'® and Cheng et al.,'*® Springer Nature Limited.

for both signal and idler beams under varying parameters. An
improved method is using a triply resonant SPDC source, which
reduces the FSR and bandwidth, simplifying cavity locking and
enhancing stability.' " 154214215

On the other hand, singly-resonant (SR) QFCs have been pro-
posed?'" and demonstrated in cavity-enhanced SPDC sour-
ces.?100216:217 Dye to the entanglement between the signal
and idler photons, both will display comb-like spectra,®’:'9%21¢
even if only one photon is resonant with the cavity mode. SR cav-
ity-enhanced SPDC is more stable and tunable since only one
photon interacts with the cavity. However, the brightness of an
SR-OPO is typically lower than a DR-OPO, as the cavity only en-
hances one type of photon and does not amplify the total photon
flux due to losses within the cavity. SR schemes also avoid the
cluster effect common in DR-OPO configurations,®"'°" which
suppresses photon pair generation due to the frequency depen-
dency of FSR.?'82'9 A recent review provides mathematical for-
mulas and detailed implementations of cavity-enhanced SPDC
sources.”'? Although the bandwidth of DR and SR cavity-
enhanced QFCs in SPDC sources is suitable for atomic quantum
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memories,”?°?% the typical FSR is not compatible with com-
mercial optical filters and modulators, limiting single-mode
control and applications in quantum communications and
computings.

DOUBLY AND SINGLY-FILTERED QFC

Since 2015, versatile QFCs that can be configured in both
doubly- and singly-filtered approaches have been investi-
gated.®% 199153 |n this setup, switching between these configura-
tions can be done within a single experiment, avoiding the need
to rebuild and stabilize the system (Figure 8A). This is feasible for
QFCs based on post-filtering, as the cavity mode structure can
be applied to both biphotons simultaneously or to only signal
or idler photons. The JSI shaping of type || SPDC photons can
be achieved by inserting a cavity before splitting the photons,
which is the doubly-filtered configuration®®'%° (Figure 2C).
Conversely, changing the location of the splitting component en-
ables singly-filtered operation by affecting only the spectrum of
signal or idler photons, preserving the mode-locked QFC
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signature due to intrinsic photon pair entanglement.'®*'°® The
JSI for both configurations is then compared (Figure 8B). For
doubly-filtered QFCs, its unnormalized frequency domain wave-
function is:

N sinc(AQ)

—————* (Equation 6
oy A+ (Q — mAQ)[? (Eq )

1PDoubly — filtered (Q) =

For the singly-filtered configuration, its unnormalized frequency
domain wavefunction is:

N sinc(AQ)

2 wm (Equation 7)

l//Singly _fitered (Q) =

Although the FSR of the comb structure is the same for both
doubly- and singly-filtered schemes, their JSI differs in two
ways. First, in the doubly-filtered case, where both the signal
and idler photons are filtered, the frequency domain biphoton
wavefunction decays faster with increasing frequency offset
compared with the singly-filtered configuration. Second, the po-
wer spectrum differs: the singly-filtered QFC has a higher unnor-
malized power spectral intensity than the doubly-filtered QFC
(Figure 8B). The JSI fall-off can be improved by using SPDC
with a larger phase-matching bandwidth or a cavity with a
smaller FSR. Singly-filtered QFCs also have higher photon flux
than doubly-filtered ones, with no cavity enhancement for either
scheme. This difference in JSI results in different JTI for the two
post-filtering schemes. For the doubly-filtered scheme, the un-
normalized temporal domain wavefunction is:

N
W bounly fiterea (JN|AT) = exp(— [n|AwAT) Z sinc(AmAQ)
m=—-N

(Equation 8)

whereas for the singly-filtered configuration, its unnormalized
temporal domain wavefunction is:

N
Wingly fiterea(NAT) = exp(—NAwAT) Z sinc(AmAQ)
m=—-N

(Equation 9)

The QFC state’s temporal behavior exhibits recurrences with a
period inverse to the comb spacing. Doubly-filtered QFCs show
double-sided signal-idler cross-correlation g®@ functions,'°° while
singly-filtered QFCs show single-sided g functions."®%1%6:211
For a 45 GHz FSR fiber cavity, efficient generation of both doubly-
and singly-filtered QFCs can be achieved. These exhibit double-
and single-sided temporal oscillations (Figure 8C) with a detection
timing jitter 6T of 5 ps, achievable with state-of-the-art SNSPDs.*®
Recent observations using Franson interferometry have revealed
high-dimensional energy-time entanglement in both QFC
types'9%"5%1%¢ (Figure 8D). In singly-filtered QFCs, where only
the signal photons pass through the cavity, Franson recurrences
show faster fall-off for positive temporal delays compared with
doubly-filtered QFCs. Despite the single-sided g'® function, the
Franson revival interferences cover both positive and negative
delays due to the overlap integral with the delay-shifted counter-
part.">® The visibility of Franson recurrences at positive time-
bins decreases faster than at negative time-bins, due to the asym-
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metric temporal profile of the cross-correlation function,'®*"%°

The relationship between Franson revival visibility and time-bin
Schmidt number Kt is not fully understood, although recent
investigations suggest a link with the two-photon JSI and corre-
sponding Schmidt number.?*?2> Understanding this connection
involves analyzing the visibility of the n™ Franson interference
recurrence. The visibility of the n™ Franson interference recur-
rence in the doubly-filtered scheme is:

Vn (Doubly —filtered) = exp(f \n\AwAT)(1 + |n|AwAT)
(Equation 10)

Subsequently, the visibility of the positive n' Franson interfer-
ence recurrence for singly-filtered configuration can be
described as:

Vi, (singly — fitered) = €XP(— NAwWAT) (Equation 11)

where AT = 2x/AQ is the repetition rate of QFCs. Then, the time-
bin Schmidt eigenvalues A, can be extracted via the following
expression for doubly-filtered QFCs:

e Thnl/F

Y- -

An (Doubly — filtered) = 4‘”%,0 <n<™Mm
€

(Equation 12)

In singly-filtered QFC, the time-bin Schmidt eigenvalues 1, is:

e~ wn/F

7 —=for0<n<M
Zn:oe—nn/f:

An (Singly — filtered) =

(Equation 13)

where M + 1 is the number of time-bins from Franson revival in-
terferences, and F is the cavity finesse. In both schemes, the
time-bin Schmidt number K7 can be extracted using Equation
3. The symmetric and asymmetric Franson recurrence interfer-
ences in doubly- and singly-filtered schemes arise from their un-
normalized temporal wavefunctions. The experimental Franson
revival interference visibilities and time-bin Schmidt eigenvalue
An in both configurations, with measured Kr values of 13.11
(13.19 theoretical) and 20.72 (21.04), respectively (Figure 8E).
The temporal wavefunctions of QFCs suggest that improving
the Franson visibility decay and K1 could be achieved with a cav-
ity of larger finesse F given a fixed FSR.'*®

In Table 1, we summarize recent key experimental QFC dem-
onstrations from various configurations. Both the doubly- and
singly-filtered configurations in QFCs offer their own set of ad-
vantages and disadvantages. For instance, the singly-filtered
configuration exhibits a higher photon flux compared with the
doubly-filtered configuration. As a result, it is more beneficial
to employ the singly-filtered QFCs for quantum communication
applications such as high-dimensional entanglement distribution
and wavelength-multiplexed QKD.'®® Notably, singly-filtered
QFC can also be utilized for applications such as multimode
guantum memory storage.%??°?® The singly-filtered configu-
ration provides increased stability and greater tunability, making
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Table 1. Comparison of recent quantum frequency combs

A (nm) Frequency Temporal Schmidt
Process Platform  Configuration Encoding Photons modes modes number  ebits Focus Reference
SPDC PPKTP doubly-filtered 1,316 + 1,316  energy-time 2 10 19 / / high-dimensional Xie et al.®’
polarization hyperentanglement QFC

SPDC PPKTP DR 795 + 795 time-bin 2 ~800 84 / / hectometer HOM revivals Rambach
ina QFC etal’"

SFWM glass DR ~1,550 time frequency 2-4 10 10 1045+ / on-chip generation and Kues et al.®

0.53 coherent control of

high-dimensional QFC

SFWM  SigN, DR ~1,550 time frequency 2 40 / 20 / 50 GHz spacing Imany et al®®
on-chip QFC

SPDC PPLN doubly-filttered  ~1,550 time frequency 2 50 / / / frequency-bin HOM Lu et al.®®
interference in a QFC

SPDC PPLN doubly-filtered  ~1,550 time frequency 2 50 / / / frequency CNOT Lu et al.®®
gate using a QFC

SPDC + PPLN doubly-filtered  ~1,550 time frequency 2 256 256 / 1.19+ Dbipartite GHZ state with Imany et al.®®

SFWM + SizN4 + DR 0.12 a Hilbert space of 20
qubits in a QFC

SPDC PPLN SR 1,520-1,600 time frequency 2 1,000 ~30 / / a broadband Ikuta et al.””
multimode QFC

SPDC PPLN doubly-filtered  ~1,550 time frequency 2 50 / / / high-dimensional Imany et al.®®
quantum walk with
a QFC

SPDC AlGaAs  doubly-filtered ~1,530 time frequency 2 500 / / / integrated semiconductor Maltese et al.”®
QFC source

SPDC PPKTP doubly-filtered 1,316 + 1,316  time frequency 2 19 61 18.30 1.89 + a 648 Hilbert space Chang et al.'®

polarization 0.03 dimensional QFC

SPDC PPLN SR 1,520-1,600  time frequency 2 1,400 ~30 10 / massive mode polarization Yamazaki et al."”"
entangled QFC

SPDC + PPLN doubly-filtered  ~1,550 time frequency 2 51 / / 2.50 + frequency-bin quantum state Lu et al.*®

SFWM +SisNs  +DR 0.08 tomography using QFCs

SPDC PPKTP  singly-filtered 1,316 + 1,316 time frequency 2 5 16 13.11 / high-dimensional entanglement  Cheng et al.>®

distribution and QKD with
singly-filtered QFC
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frequency of a QFC
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Figure 9. Quantum communications and computation processing with mode-locked QFCs

(A) An efficient entanglement distribution using time- and frequency-bins of a mode-locked singly-filtered QFC after a 10-km fiber link. Proof-of-principle high-
dimensional QKD using mode-locked singly- and doubly-filtered QFC has also been demonstrated. Sp&lo, S1&1_1, and S;&l; are the selected frequency-bin pairs
in a singly-filtered QFC. The error bars represent one standard deviation of the mean assuming Poissonian statistics.

(B) Matched atomic frequency comb and DR-OPO spectrums, and the measured second-order cross-correlation function @f,.) (400 ns)] for stored frequency-
multiplexed BFC. OD is the optical depth. Error bars are from Poissonian statistics.

(C) The temporal multimode nature (from second-order cross-correlation function qu,.) (0)]) of a wavelength-converted DR-OPO with 10-km fiber. 7 is the relative
delay between signal and idler. '

(D) Generation of d-level cluster states from time-frequency hyperentangled state with a controlled phase gate.

(E) Measured photon projections on the 81 diagonal elements of the cluster-state density matrix.

(legend continued on next page)
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it suitable for a broader range of non-degenerate or degenerate
heralding measurements. In contrast, doubly-filtered QFCs
overall have better two-photon interference visibility and Hilbert
space dimensionality, and are more suitable for time-frequency
high-dimensional entanglement state generations toward cluster
state quantum computations®®®° and for Sagnac interferom-
etry®?%239 with frequency polarization entanglement in higher-
dimensional dense encoding.®%1%°

The doubly- and singly-filtered QFCs offer greater versatility
compared with cavity-enhanced SPDC sources. These mode-
locked QFCs, implemented with post-filtering cavities, utilize
telecom fiber components and do not necessitate active stabili-
zation systems or intricate cavity designs. This makes them high-
ly attractive as they simplify the experimental setup and eliminate
the need for complex stabilization mechanisms. In contrast, the
design of a cavity can be complex for cavity-enhanced SPDC
sources in terms of cavity length, finesse, group velocities, and
polarizations of biphotons. Moreover, it is straightforward to
switch between doubly- and singly-filtered configurations by
simply arranging an optical cavity in different places of the
setups without redesigning and rebuilding the experimental
setups. In contrast, implementing a similar arrangement in cav-
ity-enhanced SPDC sources poses challenges. This is because
the SPDC crystal or waveguide exhibits varying refractive
indices for different wavelengths and polarizations of the signal
and idler photons. Consequently, the effective cavity lengths
differ for the respective resonance conditions, making it chal-
lenging to maintain consistent resonance conditions across the
entire spectrum.

Compared with cavity-enhanced SPDC sources, although the
brightness and photon flux are not enhanced in post-filtered
QFCs, they offer a much less demanding flexible configuration
for obtaining high-quality biphoton quantum interference
fringes, 29109153156 \which is fundamental to advanced quantum
information-processing tasks. Although there will be unavoid-
able filtering loss for the generation of high-dimensional QFCs,
the robust and stable fiber setups without sophisticated stabili-
zation systems provide an alternate route toward generating
large-scale photonic quantum systems for applications such
as high-dimensional quantum communications and computa-
tions. In addition, for passive filtering QFCs, the FSR, and the
cavity round-trip time can be chosen by any user to match the
bandwidth of commercial optical bandpass filters, electro-optics
phase modulators and the frequency mode spacing of dense
wavelength-division multiplexers, enabling single-mode control
in the frequency domain. Combining with state-of-the-art
SNSPDs with ultra-low timing jitter®® and mature telecom inter-
ferometry technology, the complete and independent time-
and frequency-bin control in QFCs is promising for applications
ranging from scaling high-dimensional time-frequency entangle-
ment, testing fundamental of quantum non-local nature, to
real-world multi-user quantum networks.

Newton

HIGH-DIMENSIONAL QUANTUM COMMUNICATIONS
WITH QFCs

The intrinsic temporal and spectral multimode structure in
mode-locked QFCs is ideally suited for encoding and distributing
qubits and qudits with telecom fiber networks. Indeed, for
time-bin DoF, the first entanglement distribution experiment
was implemented more than two decades ago.'”® Since then,
time-bin has become a standard discrete variable to perform
entanglement distribution,”*'~2** and high-dimensional encod-
ing for QKD.?*¢2%8 |n addition, several works implemented the
idea of non-local dispersion cancellation,>*%?*° using energy-
time-entangled biphotons,’”%'""?41:242 \whose technology is
mutually compatible to mature dense wavelength-division-multi-
plexing-based QKD.?****” Based on telecom wavelength-divi-
sion multiplexing technologies, an integrated QFC has recently
been used to generate an energy-time entangled multi-user
quantum network.?*® In addition, a frequency entangled qubit
state of an on-chip QFC has been distributed through a
24.2-km fiber system.®® The integrated QFC frequency-bin pairs
are each sent through 20-km of standard telecom fiber followed
by a 4.2-km dispersion-compensating fiber. These demonstra-
tions show that the frequency entangled states generated in in-
tegrated QFCs can be used toward quantum communication
tasks.®*?*® |n addition, advanced high-dimensional entangle-
ment distribution and frequency-multiplexed large-alphabet
QKD in a QFC have been implemented using a singly-filtered
scheme'®®"°® (Figure 9A). In particular, high-dimensional time-
frequency entanglement distribution with five frequency-binned
(averaged Franson visibility of 96.70% + 1.93%, after accidental
subtractions) and 16 time-binned non-local interferences (cen-
tral time-bin has a Franson visibility of 98.85% + 0.50%, after
accidental subtractions) of a singly-filtered QFC at a 10-km dis-
tance at near zero-dispersion wavelength has been demon-
strated.'®*"°® Proof-of-principle frequency-multiplexed time-
bin high-dimensional QKD has also been demonstrated using
singly- and doubly-filtered QFCs, with a singly-filtered QFC
presenting a =7.5x improvement on the secret key rate
compared with a doubly-filtered QFC under same experimental
conditions.'®?

In general, time-bin-based high-dimensional entanglement
distribution and QKD are more advantageous than qubit-based
QKD for two main reasons. First, the intrinsic dense temporal en-
coding provides a higher key rate per photon®'*?°%; second,
they exhibit higher tolerance of noise.'®"® Frequency-multi-
plexed-based QKD also offers advantages over qubit-based
QKD. In frequency-multiplexed QKD, the coincidence rates on
the detector side scale linearly with the number of utilized corre-
lated pairs of channels. The primary limitations in this approach
are the bandwidth of the SPDC source, the FSR of the cavity, the
channel spacing of wavelength-division multiplexers, and the
insertion loss associated with these devices.

(F) Real (blue bars) and imaginary (red bars) parts of the measured expectation values for the individual terms of the cluster-state witness operator. The error bars

emerge as standard deviations from fits to the experimental data.

(G) A summary table for several recent studies using QFC toward quantum communications and computation. The graph in (A) is reprinted with permission from
Cheng et al.,'*® Springer Nature Limited. (B) Reprinted with permission from Seri et al.,?°” APS. (C) Adapted with permission from Niizeki et al.,>*? Springer Nature

Limited. (D-F) Adapted from Imany et al.,®” Springer Nature Limited.
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It has been proposed that the simultaneous usage of Franson
and conjugate Franson interferometry can enable tighter
constraints on the time-frequency covariance matrix of high-
dimensional QKD.'?” This unconditional security proof is
inspired by the continuous-variable QKD security proofs
against Gaussian collective attacks, which use quadrature-
component covariance matrices to derive Holevo bounds. It
is suitable for qudits due to their ideal infinite Hilbert space.
We should point out that Eve’s temporal measurement
decreases photon coherence, while measuring frequency infor-
mation increases biphoton correlation time. Therefore, by moni-
toring the perturbations in Franson and conjugate Franson
interference visibilities using dual Bell inequalities, the time-fre-
quency covariance matrix of the energy-time entangled photon
pairs can be more accurately constrained. This dual-basis pro-
tocol has been proposed to significantly enhance secure key
rates, achieving up to 700 bits/s over a transmission distance
of 200 km in optical fibers.'®” Furthermore, increasing the
temporal pathlength imbalance and amount of frequency
shifting ensures a stricter bound, at the expense of higher
phase stability requirements for dual-basis interferometry. For
comprehensive reviews of high-dimensional QKD, see Xu
and co-workers.'”"?°""25% Qverall, both the time-bin- and fre-
quency-bin-based high-dimensional QKD are rapidly investi-
gated and improved regarding the key figure of merits such
as secure key rates versus transmitted distance,®”:° and quan-
tum bit error rates.> %254

Future quantum communication protocols can be integrated
with quantum memory via entanglement swapping and quantum
teleportation to realize fully functional quantum repeaters.?' For
instance, the efficient quantum storage of frequency-multiplexes
heralded single photons in an atomic frequency comb using a
DR-OPO operated at a quantum regime has been demonstrated
at 606 nm.>%° By matching atomic frequency comb and QFC in
their frequency domain, 15 discrete frequency modes separated
by 261 MHz and spanning across 4 GHz are stored”®® (Fig-
ure 9B). A DR cavity-enhanced QFC has also been transmitted
in a 10-km telecom fiber and then wavelength-converted from
1,514 to 606 nm,?*° for potential integration with efficient visible
quantum memory (Figure 9C). More recently, the quantum stor-
age of an integrated QFC using a telecom atomic frequency
comb has been demonstrated, achieving record storage time
of 1.936 ps.”*® The robustness of multimode operation in both
the time and frequency domains within a single spatial mode of
QFCs holds potential benefits for quantum satellite applica-
tions,?*°%* toward realizing next-generation global-scale quan-
tum networks.

HIGH-DIMENSIONAL QUANTUM COMPUTATION USING
QFCs

Besides quantum communication, the qudits also have an
advantage in quantum simulation and computation because of
areduction in the number of photons required to span and repre-
sent the arbitrary unitary matrix in a d-dimensional system
compared with the qubits scenario.?®°?* For example, qudits
can implement quantum algorithms using smaller systems and
fewer multi-site entangling gates.”®® Recently there has been
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theoretical proof that universal quantum computation can be
realized using only linear optics and SPDC photons in any d+1
dimensional qudit basis.”®*

So far, several studies have successfully demonstrated
proof-of-principle quantum computational processing tasks uti-
lizing high-dimensional entanglement in QFCs, including cluster
state generations®’?°°7? and stabilizations,*’"*"? linear optical
quantum computation with passive devices,?’* Bayesian tomog-
raphy for frequency-bins in QFC,%® one-way d-level quantum
computation via three-level four-partite on-chip QFC,®” and
two-qudit quantum gate operations with fidelities exceeding
90% in the computational basis.®? More specifically, a controlled
increment (CINC) and a SUM two-qudit gate has been utilized to
control the multiple frequency-bins using multiple time-bins as
target qudit in an integrated QFC.®° The measured experimental
transformation matrix of the CINC and SUM two-qudit gates are
confirmed with accidental-subtracted fidelity of 90% + 1% and
92% + 1%,% respectively. The high-fidelity two-qudit gates,
together with arbitrary single-qudit gates, complete a universal
set for any quantum computing tasks.

A high-dimensional multipartite quantum state with optimum
entanglement witness and highest persistency of entangle-
ment,”’*?"® can be generated by transforming a time-fre-
quency hyperentangled state with a controlled phase gate for
quantum computation®” (Figure 9D). Such a controlled phase
gate is realized by a fiber Bragg grating array placed in a
self-referenced and phase stable loop configuration with syn-
chronized electro-optic phase modulation. The integrated
QFC-based cluster state is particularly useful for universal
one-way quantum computing because all the information can
be written, processed, and readout from the cluster by using
only biphoton measurements®’>’® (Figures 9E and 9F). Time-
frequency multi-dimensional cluster state from integrated
QFCs with measured photon projections on the 81 diagonal el-
ements of the state density matrix (Figure 9E). To confirm
genuine multipartite entanglement in cluster state from on-
chip QFC, the optimal entanglement witness is performed
with an expectation value of 0.28 + 0.04%" (Figure 9F). Among
the three different types of noise, the d-level cluster state can
tolerate 66.6% of incoherent noise with the optimal witness
and 37.5% for the measured witness.®” The computational
flow typically goes one way, and feedforward can be imple-
mented between adjacent single-photon detections. Further-
more, the number of time-frequency hyperentangled particles,
the number of single photons, as well as the dimensionality of
the superposition can be further increased for higher computa-
tional performances toward a quantum advantage in the
computational tasks.”>?”” This multi-dimensional on-chip
QFC and cluster state can thus be generated with significantly
higher effective quantum resource rate, toward achieving
powerful and fault-tolerant universal quantum computing in
CMOS-compatible platforms.?” In Figure 9G, we provide a
summary of recent works that use QFCs for quantum commu-
nication and computation tasks. As the methodologies and
technologies for high-dimensional entanglement continue to
improve, the intrinsic large Hilbert space in temporal and spec-
tral domains of QFCs provide an increasingly elegant way for
advanced high-dimensional quantum computing.
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Quantum interconnects, which enable the transfer of fragile
coherent states between two designated devices, play a
crucial role in distributed quantum information processing.
These interconnects facilitate the reliable and efficient transfer
of qubits and qudits while maintaining essential quantum
properties such as superposition and entanglement, funda-
mental to quantum communication and computing in diverse
platforms.?’® There are several types of quantum intercon-
nects, depending on the physical systems used for communi-
cations and computation. Examples involve optical quantum
interconnects that utilize flying photons in free-space, fiber-
based, and chip-scale platforms to transfer quantum informa-
tion; microwave quantum interconnects with superconducting
circuits at cryogenic temperatures; spin-based quantum inter-
connects that utilize the electrons and spins in solid-state sys-
tems; and phononic quantum interconnects via lattice and
mechanical vibrations. Hybrid quantum interconnects that
combine different quantum technologies are also examined,
enabling the faithful transfer of fragile quantum states be-
tween different physical segments or DoFs of the overall sys-
tem. lllustrative examples of hybrid quantum interconnects
include, for instance, communication channels,®**?%°2°2
memories, '9%?'%?2%  frequency conversion and transduc-

tion,?”9?8" conversion between different encoding schemes
or DoFs,?®228% sensors,”®® simulators,'®?®” and computa-
tion?%:6%:288 in hybridized larger systems.

Quantifying key parameters in quantum interconnects involves
measuring or estimating specific metrics that assess the link per-
formance, efficiency, and reliability. For quantum optical inter-
connects with recent state-of-the-art QFCs, the time-frequency
Hilbert space dimensionality d" of QFC provides an important
role in terms of scalability, providing dense information.'8>2%9
Furthermore, the QFC multi-photon quantum states have shown
advantages in quantum computational processing compared
with multi-photon states based on polarization DoF, which only
has a two-dimensional subspace.®” For instance, QFCs from
SR-OPO configuration have shown an intrinsic photon-pair
rate of 4 x 106, with over 1,000 frequency-bin pairs,’’ and a
three-level four-partite cluster state from an integrated QFC
has shown orders-of-magnitude improvement in the effective
quantum resource rate compared with cluster state based on
polarization DoF.?” Another key parameter in quantum optical
interconnects is the fidelity of the photonic quantum state,
where QFCs have achieved over 97% quantum state fidelity in
Bell-state measurements and in Bayesian tomography,®°° and
two-qudit gate fidelities over 90%.%° In secure-key generation
for quantum photonic interconnects, a singly-filtered QFC has
presented a total key rate of =4.7 kbits/s for 5 frequency-bin
pairs,’® with improvements in the source brightness further
enhancing the rates. For quantum memories, another indispens-
able component of quantum optical interconnects, and temporal
and spectral multimodes, can be stored and retrieved.'9%:21%-2%°
For example, a QFC based on DR-OPO has been stored in
an atomic frequency comb quantum memory, with 15
discrete frequency-bins in a storage bandwidth of 4 GHz,?°
and potential higher number of storage modes can be achieved
by having broader memory bandwidth, or the narrower FSR
of QFCs.
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SUMMARY AND OUTLOOK

The energy-time entangled QFCs discussed in this review pre-
sent a robust and adaptable platform for generating high-dimen-
sional hyperentangled states in a scalable manner. The precise
control over the generation of stable, large-scale QFCs is essen-
tial but technically demanding. One of the solutions is to develop
advanced fabrication techniques for integrated photonics to
create robust and stable on-chip QFC sources. The implementa-
tion of real-time active feedback and stabilization cavity mecha-
nisms can further help to maintain spectral phase coherence and
uniformity in QFCs. Other challenges for QFC sources are noise
and loss in the telecom fiber network, which can be mitigated by
the developing higher brightness and purity photon-pair sour-
ces, and by using low-loss telecom optical components. More-
over, it is possible to use error-correction protocols that are
tailored for high-dimensional QFC states.

Advancements in the physics and engineering of the JSI
and JTI from SPDC entangled sources enhance the achievable
temporal and spectral high-dimensional entanglement in
mode-locked QFCs. The current challenge for JTl and JSI mea-
surements of QFC states is that the direct measurement of JTA
and JSA is typically difficult to implement in coincidence count-
ing experiments. Continuous development of novel measure-
ment techniques for probing spectral and temporal phases of
QFCs are expected to overcome this issue. Furthermore, the
employment of advanced quantum machine learning algorithms
can help to extract the joint time-frequency information of QFC
more efficiently.

High-dimensional entangled states offer a unique framework for
manipulating large-scale quantum states within a single spatial
mode, leveraging readily available telecommunications compo-
nents. By synergizing telecom infrastructure with recent rapid de-
velopments in integrated quantum photonics, scalable QFCs with
low power consumption can be achieved. In high-dimensional
time-bin entanglement, the QFC dimensionality is often bounded
by the detector jitter and efficiencies, but steady SNSPD develop-
ments toward near-unity detection efficiency and low timing jitters
have continued to advance the technology envelope. Simulta-
neously, high-dimensional frequency-bin entanglement is usually
bounded by the FSR of the cavity, the operation bandwidth, and
the insertion loss of the electro-optic components—these can be
scaled by employing smaller FSR cavities, higher bandwidth and
lower driving voltage modulators, and integrating lower loss de-
vices. The utilization of on-chip pulse shapers will be helpful in at-
taining dynamic control of QFC in a lower loss manner.

Regarding the measurement of high-dimensional entangled
states, although the full quantum state tomography has limited
scalability for higher-dimensional QFCs, advances in high-
dimensional time-bin entanglement certification will also solve
this problem. For example, the MUB-based witness method
may find better scalability toward higher-dimensional QFCs.
Moreover, more advanced measurement data-efficient
methods, such as Bayesian tomography, have been developed
to certify high-dimensional frequency-bin entanglement in
QFCs. This can be synergized with improvements on JTI and
JSI measurements of QFCs. The future development of fre-
quency-resolved single-photon detectors will also help in the
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characterization of high-dimensional frequency-bin entangle-
ment of QFCs.

Highly efficient and deterministic single-photon sources or sto-
chastic photon-pair sources have and will continue to significantly
enhance the effectiveness of quantum photonic systems. These
sources increase the photon flux, enabling the high-rate genera-
tion of higher-dimensional hyperentangled quantum states. Prog-
ress in observing and certifying high-dimensional quantum states,
leveraging their multimode nature, continue to offer valuable assis-
tance and guidance to experimentalists in fully capitalizing on the
capabilities of QFCs. Furthermore, as quantum technologies
evolve, we expect that complete and independent time-frequency
control of high-dimensional QFCs will be even more accessible in
the near future, toward the generation, characterization, and con-
trol of arbitrary high-dimensional complex quantum states.

At present, there is a need to bridge the gap between experi-
mental capabilities and practical applications of QFCs. For
instance, more focus should be directed to applications where
high-dimensional QFCs can provide clear advantages, such as
quantum secure QKD, superdense quantum encoding, and multi-
plexed quantum networks. Collaboration with industrial partners
is encouraged to prototype and test QFC-based systems in
real-world settings. In addition, while the cluster state or hyperen-
tangled state from QFCs have proven to be resource efficient in
quantum computation processing, the scalability of these applica-
tions toward large-scale quantum computers can be further
enhanced by advancements in QFC generation. Overcoming all
of the above-mentioned challenges will require collective efforts
across multiple disciplines, including physics, photonics, elec-
tronics, computer sciences, and material sciences. Continuous
innovation in experimental techniques, theoretical modeling, and
technological integration will be critical to unlock the full potential
of high-dimensional QFCs, providing new possibilities for high-
dimensional encoding schemes, quantum interconnects and
memory storage, hardware-efficient quantum computation,
sensing, and new protocols in quantum communication networks.
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