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Indistinguishability of independent single photons
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The indistinguishability of independent single photons is presented by decomposing the single photon pulse
into the mixed state of different transform-limited pulses. The entanglement between single photons and outer
environment or other photons induces the distribution of the center frequencies of those transform-limited
pulses and makes photons distinguishable. Only the single photons with the same transform-limited form are
indistinguishable. In details, the indistinguishability of single photons from the solid-state quantum emitter and
spontaneous parametric down-conversion is examined with two-photon Hong-Ou-Mandel interferometer.
Moreover, experimental methods to enhance the indistinguishability are discussed, where the usage of spectral
filter is highlighted.
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I. INTRODUCTION

Linear optical quantum computation 关1兴 is based on the
interference between different photons 关2兴, in which the indistinguishability of photons is a fundamental and critical
requirement. Any distinguishability will reduce the visibility
of interference and the fidelity of quantum computation protocol 关3兴. It will also directly affect the other applications
with photon interference, such as quantum key distribution
关4兴 and high precision quantum phase measurement 关5兴.
Moreover, photon indistinguishability is fundamental to
stimulated emission 关6,7兴 and has been applied in quantum
cloning 关8,9兴 and entanglement measure 关10兴. Based on the
spontaneous parametric down-conversion 共SPDC兲, the indistinguishability in the multiphoton interference has been intensely examined recently in experiment 关11–15兴 and theory
关16–19兴. However, the kernel is the indistinguishability of
independent single photons. In SPDC, independent single
photons are heralded by detecting the twinning photons, with
several experiments focusing on their indistinguishability
and interference 关20–22兴. In the solid-state quantum emitters,
single photons have been remarkably examined 关23–28兴,
where, in addition to photon statistics and quantum efficiencies, indistinguishability is another important character of the
single photon source 关22,28兴.
Generally, the distinguishability of the single photons
comes from the entanglement with extrinsic system, such as
photons, phonons or outer environment. Theoretically, the
single photons can be described as the mixed state by tracing
out the entangling parts. In SPDC, the property of entanglement can be achieved through the analysis of the phasematching condition 关22,29兴. However, it is more complicated
in the solid-state quantum emitters. Many kinds of physical
processes introduce the entanglement between the environment and the emitted single photons. For example, in the
single quantum dot, the interaction with phonon results in
short dephasing time and gives rises to a very broad spectrum of the photons 关30兴. This spectrum broadening will
make photons distinguishable. Since it is hard to measure all

the physical information of each photon source, the direct
analysis of the photon state with interference is highly desired.
In this paper, we will give a brief description of single
photons to show the indistinguishability. In the frequency
degree of freedom 共DOF兲, the whole photon state is a mixed
state of transform-limited pulses with different center frequencies. For two independent single photons, there is no
entanglement between them. The indistinguishability describes the nature of identicality of the transform-limited
pulses. To aid in the analysis, we regarded the bandwidth of
distribution of these center frequencies as the extrinsic width,
which comes form the entanglement between with extrinsic
system. The transformed limited pulse are pure state and its
width is the intrinsic width. For the same single photon
source, single photons have the same extrinsic width and the
same intrinsic width. The total spectrum bandwidth is the
combination of the intrinsic width and the extrinsic width.
Generally, when the extrinsic width is much larger than the
intrinsic width, the single photons are totally distinguishable.
Only when the extrinsic width is zero, the single photon
pulse is transform limited and indistinguishable. In either
Lorentzian or Gaussian distributions of the spectrum, the
photon indistinguishability is the ratio of intrinsic width to
total bandwidth. In experiment, the distinguishability can be
measured with Hong-Ou-Mandel 共HOM兲 interferometer 关2兴,
where the visibility shows the indistinguishability. In the
main section, we will examine the indistinguishability of
single photons from solid quantum emitters and SPDC after
a general description of the single photon state is given. In
the discussion section, experimental methods to enhance the
indistinguishability are presented, where the effect of spectral filter is highlighted.
II. DESCRIPTION AND INDISTINGUISHABILITY
OF SINGLE PHOTONS

We begin the description of single photons from the
transform-limited pulse, which is a pure quantum state,
兩典 =

dg共兲a†共兲兩vac典,
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obtained by measuring the entangling part. Therefore, the
mixed state always has some distinguishability and the purity
of the state is a good scale to evaluate the indistinguishability. Moreover, this definition of indistinguishability is highly
supported by the experiment. In experiment, the indistinguishable photons will present photon bunching effect and
the value of the indistinguishability has the simple relationship with the interference visibility. Based on the single photons from solid-state quantum emitters and SPDC, we will
now give detailed discussions on their indistinguishability.
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υ

FIG. 1. 共Color online兲 Illustration of total single photon pulse
共red dashed curve, width ⌬s兲 composed of transform-limited pulses
共grey bold curves, width ⌬g兲 with different center frequencies.
When ⌬S = ⌬g, the single photon pulse is transform limited and
indistinguishable.

where a† 共a兲 is the single photon creation 共annihilation兲 operator. 兩g共兲兩2 is the spectrum of the transform-limited pulse
with center frequency  and width ⌬g 共intrinsic width兲. We
will discuss the independent single photons from the same
source and assume the same ⌬g, since the interactions between the single photons and outer environment or other
photons are highly similar during the generation. Correspondingly, the transform-limited pulse has the duration of
TTL = 1 / ⌬g. Also, g共兲 satisfies the normalization condition
+⬁
d兩g共兲兩2 = 1. The indistinguishability of two indepen兰−⬁
2
dent transform-limited photon pulse is KTL
ij = 兩具i 兩  j典兩 .
Roughly, the two photons are totally distinguishable when
兩i −  j兩 Ⰷ ⌬g and indistinguishable for i =  j.
Since the single photons may be entangled with the extrinsic system, the center frequencies have the distribution
+⬁
d f共兲 = 1兴 with width ⌬ f 共extrinsic width兲. Then,
f共兲 关兰−⬁
the whole state is written as

=

冕

+⬁

d f共兲兩典具兩.

共2兲

−⬁

+⬁
d f共兲兩g共兲兩2 is broadened to
The total spectrum S共兲 = 兰−⬁
⌬S艌⌬g because of the distribution f共兲. However, the lifetime of the single photon pulse is the same with those
transform-limited pulses, that is T = TTL. Figure 1 illustrates
that the total single photon pulse is composed of different
transform-limited pulses. Only when ⌬S = ⌬g = 1 / T is satisfied, the single photon pulse becomes transform limited.
Formally, the indistinguishability of two independent
single photons can be described as

K = tr共 丢 兲 =

冕冕

A. Indistinguishability of single photons from single solid
quantum emitter

Here we focus on the single photons from single quantum
dot. The single photon from two-level quantum dot spontaneous emission has the Lorentzian distribution,

冑⌫/2

冑 共 − 兲 + i⌫/2 ,

共4兲

where ⌫ / 2 is the intrinsic width and describes the rate of
spontaneous emission 关31兴. Correspondingly, the lifetime is
T1 = 1 / ⌫. In addition to the intrinsic linewidth, the spectrum
broadening mainly comes from the dephasing process. Also,
the spectral diffusion of single quantum dot gives a much
more broader spectrum 关32兴. All these spectrum broadening
can be included in the distribution of f共兲. For simplicity, we
only consider the spectral broadening from pure dephasing
which can also be described as the Lorentzian function,
f共兲 =

1
⌫⬘
,
 共  −  c兲 2 + ⌫ ⬘2

共5兲

where c is the center frequency of the distribution f共兲. The
extrinsic width is ⌫⬘ = 1 / T2⬘, where T2⬘ is the pure dephasing
time. The total state can be described with Eq. 共2兲. The
whole spectrum is
S共兲 =

1
⌫2
,
 共 − c兲2 + ⌫22

共6兲

where ⌬LS = ⌫2 = 1 / T2 = ⌫⬘ + ⌫ / 2 is the total spectral width and
the superscript L in ⌬LS denotes Lorentzian distribution. In
the time domain, we get 1 / T2 = 1 / 2T1 + 1 / T2⬘. When ⌫⬘ = 0,
⌫2 = ⌫ / 2 = 1 / 2T1, the single photons are transform limited.
The indistinguishability of the two transform-limited
pulses centered at i and  j is

+⬁

KTL
ij =

did j f共i兲f共 j兲円具i兩 j典円 . 共3兲
2

−⬁

If and only if  is the pure state, K = 1. That is with ⌬ f = 0 and
⌬S=⌬g, the single photon states are indistinguishable. On the
other hand, when ⌬SⰇ⌬g, K → 0, the single photon states are
distinguishable. From this view, two photons may be distinguishable even when they have the same description. The
indistinguishability describes the nature of identicality of the
pure state. Equation 共3兲 also describes the purity of the state
. Generally, a mixed state comes from an entangled system.
In principle, distinguishable information of the state may be

1

g 共  兲 =

⌫2
,
共i −  j兲2 + ⌫2

共7兲

while the indistinguishability of the two single photons with
Eq. 共3兲 is
KL =

⌫
.
2⌫2

共8兲

When ⌫⬘ = 0, KL = 1 and the single photon are the transform
limited and indistinguishable.
Experimentally, the HOM interferometer is usually used
to measure the indistinguishability of two single photons, as
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FIG. 2. 共Color online兲共a兲 Illustration of two-photon Hong-OuMandel interference.  is the interval between arrival time of the
two input photons. 共b兲 Two-photon Hong-Ou-Mandel interference
visibility with different ratios 共兲 of external width to intrinsical
width.  = L = 2⌫⬘ / ⌫ for Lorentzian distribution and  = G
=  f / g for Gaussian distribution. The visibility approaches 1 / 
when  is much larger than 1.

shown in Fig. 2共a兲. Two single photons are injected into the
two input ports of a 50/ 50 beamsplitter separately. The twophoton coalescence probability CAB of output ports A and B
is null when two photons are indistinguishable and arrive at
the beamsplitter simultaneously. Any distinguishability will
induce nonzero two photon coalescence probability and reduce the interference visibility. In order to obtain the coalescence probability CAB共兲 with the interval  between the arrival times of two photons, we first calculate probability of
two photons exiting in the same output port CAA共兲, which
shows photon bunching when the two photons are indistinguishable 关16,33兴. Therefore,
1
CAA共兲 = 具E共−兲共t兲E共−兲共t + 兲E共+兲共t + 兲E共+兲共t兲典
8
=

1
8

冕冕

+⬁

did j f共i兲f共 j兲

−⬁

冕

+⬁

dt具i兩具 j兩E共−兲共t兲E共−兲

共+兲

⫻共t + 兲E 共t + 兲E 共t兲兩 j典兩i典
=

1
4

冕冕

+⬁

did j f共i兲f共 j兲

−⬁

冕

+⬁

CAB共兲 = 1 − 2CAA共兲 = 关1 − K共兲兴/2
=

dt关具 j兩E共−兲共t兲E共+兲共t兲

兩S,I典 =

+⬁
da共兲e−it / 冑2 is the detection operawhere E共+兲共t兲 = 兰−⬁
tor. The coefficient 1 / 8 comes from photon loss of the beamsplitter 共1 / 4兲 for two photons and the normalization coefficient of two permutations of two photons detecting by two
detectors 共1 / 2兲. In the practical experiment, the detection
duration is much larger than the photon pulse lifetime and
the integral time is extended to 共−⬁ , + ⬁兲. In the above equation, K共兲 is the indistinguishability of two photons with time
interval ,

−⬁

共14兲

冕冕

+⬁

dSdI⌽共S, I兲a†S共S兲aI†共I兲兩vac典,

−⬁

共9兲

冕

冊

共15兲

1
= 关1 + K共兲兴,
4

did j f共i兲f共 j兲

冉

1
⌫ −⌫兩兩
1−
e
.
2
2⌫2

共13兲

In the SPDC, the distinguishability of single photons is
induced by the entanglement between the twinning photon.
In order to obtain the information of the heralded single photon, the entangling parts need to be traced out in theory.
From SPDC, the two-photon state can be written as 关29,34兴

⫻共t + 兲兩i典具i兩E共−兲共t + 兲E共+兲共t兲兩 j典兴

+⬁

共12兲

CAB共兲 shows the typical HOM dip with the 1 / e width of
pulse lifetime, 1 / ⌫ = T1, as shown in the experimental report
关28兴. The visibility shows the indistinguishability of KL,
which is illustrated in Fig. 2共b兲 with different ratios of extrinsic width to intrinsic width,  = ⌬ f / ⌬g. For Lorentzian
distribution,  = L = 2⌫⬘ / ⌫. When extrinsic width is much
larger than the intrinsic width, L Ⰷ 1, the indistinguishability
is approaching to 1 / L.

−⬁

冕冕

冊

1
⌫ −⌫兩兩
1+
e
.
4
2⌫2

The excess probability of K共兲 is the signature of the photon
indistinguishability. It is the result of photon bunching from
the permutation symmetry of bosonic particles 关18,19兴.
Because of the symmetry of the beamsplitter, the probability of two photons together in the output port B is the
same with CAA共兲. Therefore, the two-photon coincidence
probability CAB共兲 based on the energy conservation law is

⫻兩 j典具i兩E共−兲共t + 兲E共+兲共t + 兲兩i典 + 具 j兩E共−兲共t兲E共+兲

K共兲 =

冉

共11兲

B. Indistinguishability of single photons from SPDC

−⬁

共+兲

⌫ −⌫兩兩
e
,
2⌫2

where ⌽共S , I兲 = P共S + I兲H共S , I兲 is the two-photon
wave function, which contains the information of the pump
beam spectrum P共S + I兲 and the phase-matching condition
H共S , I兲 in the nonlinear crystal. We assume the pump
beam is transform limited and the spectrum 兩P共S + I兲兩2 is
Gaussian distribution with width g. By making the detection of the idle photon 共I兲 with a single frequency of ⍀I, the
signal photon 共S兲 has the transform-limited single photon
state from Eq. 共15兲,
兩S典⍀2 =

冕

+⬁

dS P共S + ⍀I兲H共S,⍀I兲a†S共S兲兩vac典. 共16兲

−⬁

+⬁

dt

−⬁

⫻円具i兩E共−兲共t兲E共+兲共t + 兲兩 j典円2 .

共10兲

For the Lorentzian distribution, the indistinguishability is

Under the normal phase-matching condition for thin nonlinear crystal, the bandwidth of H共S , ⍀I兲 is much larger than
the pump width 关35,36兴. Therefore, the H共S , ⍀I兲 is slowly
varying function and can be taken outside of the integral. In
this case, the transform-limited single photon pulse has the
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same shape and width of the pump beam, which can be de2
2
scribed with g共兲 = e−共 − 兲 /4g / 冑4 22g.
Since the actual detection of the idle photon is the sum of
the above detections of different frequency ⍀2, the center
frequency of the transform-limited single photon pulse has
the distribution of f共兲. Without loss of generality, we as2
2
sume that f共兲 = e−共 − c兲 /2 f / 冑22f 关35,36兴. Therefore, the
heralded single photon can be formally described in Eq. 共2兲
with intrinsic width g and extrinsic width  f . The total spectrum is also Gaussian distribution with the width

 = 冑2g + 2f .

共17兲

Moreover, the indistinguishability of two photons with interval  is calculated,
K G共  兲 =

 g −22
g.
e


共18兲

The two-photon coalescence probability CAB共兲 for the HOM
interference is
CAB共兲 =

冉

1
g 2 2
1 − e − g
2


冊

may induce the mixed spectrum description. However, for
the same entanglement, the mixed spectrum will not induce
the distinguishability when all the DOFs are included, since
the entangled state can be described as a linear superposition
form for the single photon in a higher dimensional space.
Practically, in order to enhance the indistinguishability,
different methods are needed to narrow the extrinsic spectral
width or broaden the intrinsic spectral width. For the quantum emitters, low temperature is needed to reduce the interaction with phonons. In this case, the dephasing time is extended 关37兴 and the extrinsic spectral broadening is
controlled. Moreover, the interaction with optical cavity
mode will decrease the lifetime of the spontaneous emission
through Purcell effect 关38兴. Therefore, the intrinsic width is
broadened and the indistinguishability is enhanced 关28兴. In
SPDC, particular design on the phase-matching condition
helps to generate indistinguishable single photons 关22,29兴.
However, the usage of spectral filter is the most feasible
method to enhance the indistinguishability, especially in the
experiment on SPDC.

共19兲

with the visibility of KG共0兲 = g / , which is also shown in
Fig. 2共b兲 with different ratios of G =  f / g. Moreover, the
indistinguishability approaches to 1 / G with large extrinsic
width. If the two-photon wave function can be factorized,
i.e., ⌽共S , I兲 = ⌽共S兲⌽共I兲, the single photon is transform
limited 关22,29,34兴. In this case,  f = 0 and the single photons
are indistinguishable.
From the results of HOM interference, Eq. 共14兲 and Eq.
共19兲, the width of indistinguishability, or the two-photon
fourth-order coherence, only depends on the intrinsic width,
or the lifetime of the transform-limited pulse. However, the
total single photon spectral width determines the width of the
single photon second-order coherence time.

B. Effect of spectral filter

In experiment, the narrow spectral filter is widely used to
enhance the indistinguishability and interference visibility.
Theoretically, the detection operator after the spectral filter
can be described as
E共+兲共t兲 =

1

冑2

冕

+⬁

dF共兲a共兲e−it ,

共20兲

−⬁

where 兩F共兲兩2 is the spectral transmissivity of the filter. Here
we assume the Gaussian distribution of 兩F共兲兩2
2
2
= e−共 − c兲 /2F, centered same at c with width F.
With the spectral filter, the spectrum of the single photons
is also Gaussian distribution and its width narrows to

A. Definition and the experimental enhancement
of indistinguishability

(a)

(b)

0.5

Indistinguishability

III. DISCUSSION

CAB(τ)

0.4

From the single photon state, the indistinguishability is
described in Eq. 共3兲, which is the purity of the state if the
single photons are generated in the same source. For the
single photons from the different source, the indistinguishability has the description of Kij = tr共i 丢  j兲. At the same
time, from the multimode theory, the indistinguishability is
described as E / A, where E 共A兲 is the excess 共accidental兲
two-photon probability 关16兴. In Refs. 关18,19兴, the indistinguishability is derived from the coefficients of Schmidt decomposition. All of these definitions are equivalent.
It needs to be emphasized that the extrinsic spectral width
comes from the entanglement with extrinsic system. Only
this extrinsic spectral width will bring the distinguishability.
In the above discussion, we assumed that all other DOFs of
the single photon have the same states and no entanglement
with the frequency DOF. Actually, the entanglement between
the frequency DOF and other inner DOF of the same photon
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FIG. 3. 共Color online兲 Indistinguishability with different widths
of filters. 共a兲 Two photons coalescence probability CAB共兲 of the
HOM interference without filter 共red dashed curve兲 and with filters
共green solid curve for R = 0.5 and blue dotted curve for R = 0.1兲.
Here we set G = 3 for all three cases. The two curves with filters
are normalized to the maximal probability of 1 / 2 for total distinguishable cases 共 Ⰷ ⬘g兲. 共b兲 The red solid and the green dashed
curves show the indistinguishability for G = 3 and G = 10 with
Gaussian filters, respectively. The red solid 共L = 3兲 and green open
共L = 10兲 circles are for the corresponding results of Lorentzian filter on Lorentzian spectrum distribution. In this case, R = 2⌫F / ⌫,
where ⌫F is the Lorenzian filter width.

013824-4

PHYSICAL REVIEW A 79, 013824 共2009兲

INDISTINGUISHABILITY OF INDEPENDENT SINGLE…

⬘ =

F冑2g + 2f

共21兲

.
2

冑2g + 2f + F

At the same time, the filter narrows the intrinsic width,

 F g

g⬘ =

共22兲

冑2g + F2 .

Using Eq. 共18兲, the indistinguishability is

⬘=
KG

g冑2g + 2f + F2

共23兲

冑2g + F2 冑2g + 2f ,

for  = 0.
More rigorously, the effect of the spectral filter extended
from Eq. 共10兲 is described as

⬘=
KG

冕冕

+⬁

did j f共i兲f共 j兲

−⬁

冕

冕冕
冏冕

N = 兿 k ,

dt

−⬁

冏冒
2

dF共兲gi共兲F*共兲g* 共兲
j

C2

g冑2g + 2f + F2

冑2g + F2 冑2g + 2f ,

共24兲

共25兲

冕

+⬁

d f共兲

−⬁

=

冑

2g

冕

+⬁

dt具兩E共−兲共t兲E共+兲共t兲兩典

共26兲

−⬁

F
+ 2f + F2

.

+⬁
d f k共兲兩典具兩兲 is for the indewhere k = 共C兩vac典具vac兩 + 兰−⬁
+⬁
d f k共兲. Considering
pendent single photon with C = 1 − 兰−⬁
the photon loss in the practical experiment and quantum ef+⬁
d f k共兲 ⬍ 1. Moreover,
ficiency of the quantum emitters, 兰−⬁
f k共兲 may have different center wavelengths. For example,
there is size distribution of quantum dots. In this case, the
total spectrum will include the broadening from size distribution. Therefore, the spectrum is very broad and the photons will be distinguishable even at the low temperature.

IV. CONCLUSION

where C is the probability to detect the single photon after
the filter
C=

共28兲

i=1

did j f共i兲f共 j兲

−⬁

=

In some cases, there is more than one independent photon
from many quantum emitters. The total state is
N

+⬁

⫻

C. Independent photons from many quantum emitters

+⬁

⫻円具 j兩E共−兲共t兲E共+兲共t兲兩i典円2/C2
=

tinguishability shows the same result as in Fig. 2共b兲, where
the extrinsic width is replaced by the filter width.
In SPDC, for the pump pulse duration of 110 fs 共full
width at half-maximum兲, the indistinguishability with a full
width at half-maximum 3 nm filter is about 0.94 for  ⲏ 3
关36兴. It is little higher than the experimental results in 关5,14兴
because there may be entanglement in other degrees of freedom between the twin photons besides the frequency entanglement 关18兴. Here, we used the condition that the single
photon intrinsic width g is the same with the pump beam
width for thin nonlinear crystal.

共27兲

Certainly there is photon loss for C ⬍ 1 when using the filter
to enhance the indistinguishability.
Figure 3 shows the effect on the indistinguishability with
different ratios of spectral filter width to intrinsic width, R
= F / g. In Fig. 3共a兲, the width of HOM dip is broadened to
1 / g⬘, since the intrinsic width is narrowed by the spectral
filter in Eq. 共22兲. Figure 3共b兲 shows the indistinguishability
with G = 3 共red solid兲 and G = 10 共green dashed兲. In comparison, the results of the Lorentzian filter on Lorentzian
spectrum distribution are also shown in Fig. 3共b兲 with red
solid 共L = 3兲 and green open 共L = 10兲 circles. These results
are numerically calculated with Eq. 共24兲 and Eq. 共26兲.
Clearly, the indistinguishability is approaching to 1 when the
filter width is closing to 0. For  Ⰷ 1, the value of the indis-

The description of the single photons state in the spectrum
domain is presented to discuss the indistinguishability. The
ratio of extrinsic spectrum width to intrinsic width governs
the indistinguishability. Single photons are indistinguishable
only when they have the same transform-limited forms,
while they are highly distinguishable when the extrinsic
spectrum width is much larger than the intrinsic width. Fundamentally, the indistinguishability of independent photons
shows the sameness of part which can be described with pure
state and only the indistinguishable parts can interfere each
other. In experiment, the indistinguishability shows excess
probability of two-photon coincident detection in HanburyBrown-Twiss interferometer 关33兴 or less probability in HOM
interferometer. Moreover, the indistinguishability can be experimentally enhanced with the narrow spectral filter or by
controlling the generation condition.
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