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Soliton Microcombs Multiplexing Using Intracavity-Stimulated Brillouin Lasers
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Solitons in microresonators have spurred intriguing nonlinear optical physics and photonic applications.
Here, by combining Kerr and Brillouin nonlinearities in an over-modal microcavity, we demonstrate spatial
multiplexing of soliton microcombs under a single external laser pumping operation. This demonstration
offers an ideal scheme to realize highly coherent dual-comb sources in a compact, low-cost and energy-
efficient manner, with uniquely low beating noise. Moreover, by selecting the dual-comb modes, the
repetition rate difference of a dual-comb pair could be flexibly switched, ranging from 8.5 to 212 MHz.
Beyond dual-comb, the high-density mode geometry allows the cascaded Brillouin lasers, driving the
co-generation of up to 5 space-multiplexing frequency combs in distinct mode families. This Letter offers a
novel physics paradigm for comb interferometry and provides a widely appropriate tool for versatile
applications such as comb metrology, spectroscopy, and ranging.
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Owing to the high quality (Q) factor and small mode
volume, light-matter interaction is dramatically enhanced in
optical microresonators, which makes them become a
captivating platform for nonlinear optical physics and
photonic applications [1,2]. In particular, the microcavity-
enhanced Kerr effect has led to the realization of frequency
combs in a miniature platform [3-5]. In recent years, the
blooming of soliton microcomb technology [6-10] has
enabled versatile out-of-lab advances in applications ranging
from optical communications [11-13], optical atomic clock
[14,15], optical sensing [16], to dual-comb spectroscopy
[17,18]. Especially, microcomb multiplexing methods
are particularly appealing for applications such as dual-
microcomb spectroscopy and LiDAR [19-22]. However,
commonly these methods require either an additional exter-
nal laser [23] or a fast electro-optic modulator [24] to obtain a
second pump light for dual-soliton microcomb generation.
The complexity and cost associated with the operation of
multiple narrow-linewidth laser or high-bandwidth modula-
tor devices limit the simplicity of the system and the mutual
coherence between the comb outputs.

Stimulated Brillouin scattering (SBS), a process that
arises from the coherent coupling between optical fields
and phonons, is another intriguing nonlinear effect in
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microcavities [25]. Resulting from its highly effective gain
and narrow band features, the SBS process in micro-
resonators has been used to generate intracavity ultra-
narrow linewidth laser and further led to versatile
applications in low-noise microwave signal generation
[26], Brillouin gyroscope [27], and soliton generation [28].

Here, we demonstrate the spatial multiplexing of Kerr
soliton microcombs in a single over-modal microresonator
using intracavity Brillouin excitations. The intracavity
Brillouin lasing not only provides pumping for an addi-
tional set of microcomb with naturally narrow linewidths
and fixed phase relations to the primary pump light, which
enables remarkably high coherence of the dual-comb
source; but also eliminates the requirement for additional
lasers or modulators, which can significantly simplify the
dual-comb system. In such a high-Q silica microcavity
supporting rich mode families, besides its own Kerr soliton
formation, the pump laser can excite backwardly circulat-
ing cascaded Brillouin lasers (BLs) [29-31], when the
Brillouin gain regions overlap varied resonances. By care-
fully controlling the pump laser detuning, these BLs can
further work as “new pumps” for generating more soliton
microcombs in diverse mode families. This scheme raises a
new physical paradigm for soliton multiplexing, and offers
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FIG. 1. Conceptual design of the counterpropagating dual

soliton. (a) Schematic and micrograph of the microresonator
and dual-comb generation. Scale bar: 300 pm. (b) Zoom-in
spectrum of the CCW (blue) and CW (red) comb outputs.
(c) Two cases of dual-comb generation. (d) and (e) The evolution
of the two cases. The top panels show laser power traces while the
bottom panels show comb power traces. Blue: CCW, red: CW.

aconvenient way to realize dual-comb tools. Moreover, since
both the Brillouin lasing [26,28] and the soliton formation are
coherently realized in one single cavity, common mode
noises are efficiently suppressed [32]. Furthermore, by
selecting the excitation mode families of the dual comb,
we demonstrate that the repetition rate difference of the
generated dual comb could be flexibly switched, ranging
from 8.5 to 212 MHz. Finally, owing to the over-modal cavity
nature, the BL generation could be cascaded. Therefore,
cogeneration of up to 5 spatial-multiplexing soliton fre-
quency combs in distinct mode families is realized.

We utilize the over-modal nature with strong Brillouin
scattering of a silica whispering-gallery-mode (WGM)
cavity, as Fig. 1(a) shows. The microsphere is fabricated
from a commercial optical fiber section using the discharge-
sintering technique (Supplemental Material [33], Sec. I)
with a diameter of ~600 pm and a Q factor of 1.2 x 108. A
tunable external laser (pump laser, PL) is coupled into the
cavity via a tapered fiber, circulating in the counterclock-
wise (CCW) direction. By properly tuning the PL frequency
into a cavity resonance, stimulated BL could be generated in

the clockwise (CW) direction. Since the free spectral range
(FSR) of our cavity is ~110 GHz while the Brillouin shift
frequency is of the order of 10 GHz, the PL and the BL are
usually located in two distinct mode families. In order to
generate Brillouin-Kerr dual-comb, both mode families
should exhibit anomalous group velocity dispersion
(GVD). When further tuning the PL frequency from blue
to red, we achieve single Kerr soliton state in both
directions. The coexistence of such Brillouin-Kerr dual
soliton is also demonstrated in numerical simulations (see
Supplemental Material [33] Sec. III). The PL- and BL-based
soliton have different repetition rates, and are easily
combined via a fiber coupler to form dual-comb outputs.

The comb signals are collected in both CW and CCW
directions, the enlarged spectra around the pump wave-
length are shown in Fig. 1(b). The PL and the BL have a
wavelength difference of 0.084 nm, which corresponds to
the Brillouin shift frequency in silica and suggests the PL
and BL belong to different spatial modes. Besides, the first
pair of comb lines in the CCW and CW directions also have
different wavelengths, verifying that the counterpropagat-
ing combs are generated by the PL and the BL, respectively.
The process of dual-soliton co-generation is also inves-
tigated, and there are two different cases when scanning the
PL across different modes [Fig. 1(c)]. The reason is that the
initial “Brillouin gain-resonance” overlapping could be
varied, while the frequency difference between the PL and
the BL (Afpp) is typically fixed, determined by the material
and the cavity geometry. In case 1, the BL is initially
generated at the blue-detuned side of the BL. mode, and the
comb in both directions evolves regularly (i.e., from
primary, chaotic, to soliton state in sequence), as shown
in Fig. 1(d). While in case 2, the BL is initially generated
at the red-detuned (or slightly blue-detuned) region. With
the pump laser scanning, the power of the BL gradually
increases. Once reaching the Kerr parametric oscillation
threshold, soliton burst is triggered [39], as shown in
Fig. 1(e). In this measurement, the PL scanning speed is
50 GHz/s and the PL power is fixed at 120 mW. Thanks to
the high-Q factor of the cavity and the self-stabilization
of the BL [40], the experimentally obtained soliton
step existence range reaches 2 GHz. It is noted that
the phenomenon of “pump + Brillouin” dual-soliton co-
generation is not certain for every mode pair, as the
Brillouin gain band may not cover a high-Q resonance
with anomalous dispersion.

The co-generated PL-based CCW soliton and the
BL-based CW soliton are characterized after generation.
The optical spectra are shown in Fig. 2(a). In these two
spectra, power of the PL is lower than the BL due to the
pump filtering operation. For the steady state shown here,
A fpg~10.48 GHz. The soliton spectra are broad, with 3 dB
bandwidths of 1.47 and 0.95 THz. Spectrum of the
BL-based soliton slightly deviates from the sech? shape,
which may result from higher order dispersion in the BL
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FIG. 2. The co-generated dual soliton. (a) Optical spectra, top
and bottom panels: PL- and BL-generated single soliton.
(b) FROG maps corresponding to (a). Grey curves show the
autocorrelation traces of the two pulse trains. Color bar: nor-
malized pulse intensity. (c) Top panel: Dual-soliton beat note in
the rf domain. Central frequency of the electrical comb is
10.4802 GHz, determined by Afpg. The electrical comb line
spacing equals to Af, = 8.5 MHz. Bottom panels show the
enlarged spectra of the pump-Brillouin laser beat note (at
10.4802 GHz) and the first-order comb line pair beat note (at
10.4887 GHz).

mode family [41]. Using the second harmonic generation
(SHG)-based autocorrelation technique, we also measured
frequency-resolved-optical-gating (FROG) maps of the two
soliton combs [Fig. 2(b)]. The retrieved pulse duration of
the CCW and the CW soliton is 215 and 332 fs, respec-
tively, matching their optical spectra well. Three soliton
pulses are shown in a single FROG frame, with a temporal
window of 20 ps. For the CCW soliton, the repetition
period is 8.9532 ps, while for the CW soliton, the repetition
period is 8.9539 ps, verifying the repetition frequency
difference between the two combs.

After combining two solitons together, we measure the
dual-comb beat notes in Fig. 2(c). Mixing of the two solitons
forms an electrical comb in the radio frequency (rf) domain.
The strongest central beat note locates at 10.4802 GHz
(Afpp). This is the beat between the PL and the BL at mode
number p = 0. On both sides of this beating line, other comb
lines demonstrate the one-to-one beat notes between the two
frequency combs. The spacing of the electrical comb is equal
to the repetition frequency difference (Af., = 8.5 MHz)
between the two soliton combs. Since Afpg > Af',, there
is no spectral aliasing. By zooming the rf spectrum in,
we characterize the two beat notes, at 10.4802 GHz
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FIG. 3. Switchable dual-soliton beating. (a) Distinct dual-
soliton beats when the PL and the BL locate in different modes.
Here we only show the single sideband for better clarity. From top
to bottom, Af', increases from 8.5 to 212 MHz. (b) Measured
pulse periods of the dual-soliton pairs. Here the solid and the
hollow columns show the pulse periods of the PL-based soliton
(P) and the BL-based (B), for case i to v.

(u =0, Afpg) and 10.4887 GHz (u =1, Afpg + Afrep)-
Signal to noise ratio (SNR) of the pump-Brillouin beat is
higher than 60 dB; meanwhile, SNR of the beat note between
the first order comb line pairs is approaching 50 dB. Noise
analyses are shown in the Supplemental Material [33],
Sec. IV.

Since the over-modal microresonator has many co-
existing mode families, such dual-comb multiplexing could
appear in varied mode pairs. The group index of these mode
families is different, offering chances to obtain distinct
Afyp in dual-comb interference. This unique property
enables varied dual-comb beat notes in a single micro-
resonator. Experimentally, different mode pairs could be
selected by carefully tuning the PL wavelength into a
specific mode and exciting the BL in another specific
mode. Figure 3(a) shows 5 distinct beat notes in the rf
domain by exciting dual-soliton in varied mode pairs. From
top to bottom, the PL. wavelength is located at 1550.024,
1550.013, 1550.816, 1551.21, and 1550.72 nm. Af, of
the five cases are 8.5, 23.5, 54.9, 102.1, and 212 MHz,
correspondingly. We also note that Af,., could be even
higher, up to several GHz, but once Af, is higher than
300 MHz, the limited A fpg may cause beat aliasing in the
rf domain. Since the repetition rates and pulse periods are
related to the group refractive index of the PL and BL
mode, the specific PL-BL mode pair for the above 5 cases
are varied. Afy, of the five cases are confirmed by the
pulse periods obtained from the FROG measurements, as
Fig. 3(b) shows. The pulse periods of the PL solitons are
8.9532, 8.9491, 8.9588, 8.9549, and 8.9423 ps; meanwhile
the pulse periods of the BL solitons are 8.9539, 8.9473,
8.9549, 8.9468, and 8.9591 ps. We note that in our
microsphere geometry supporting more than 100 transverse
mode families, to accurately identify the specific mode-to-
mode pairs is difficult, but high-density mode distribution
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still offers a unique chance to find diverse dual-soliton
combinations, which enables the A f', of a dual-comb tool
to be switchable.

This over-modal nature not only supports switchable
dual-soliton beat notes, but also provides a possibility of
cascaded BL generation if there are 3 or more resonances
with a uniform spacing of =10.48 GHz and sufficiently
high @ factors. Once all modes exhibit anomalous
dispersion, > 2 soliton multiplexing can be realized in
the single microresonator, by carefully selecting the pump-
ing mode and combining the comb outputs from both the
CW and the CCW directions. Such an operation further
enriches the diversity of the microcomb device.

In the experiments, the multiplexed microcombs are
collected from both the CW and CCW directions through a
fiber coupler. The spectra around the pump laser wave-
length are shown in Fig. 4(a). From top to bottom, we
excite 1, 2, 3, and 4 BLs by carefully tuning the wavelength
of a single PL. Each Brillouin excitation is driven by the
optical signal ~10.48 GHz above it and belongs to a
distinct mode family. These lasers travel in opposite
directions one by one, for example, the PL propagates in
the CCW direction, while the 1Ist, 2nd, 3rd, and 4th order
BL go in CW, CCW, CW, and CCW directions, respec-
tively. All the Brillouin lasers are capable of generating
Kerr combs in principle. Figure 4(b) demonstrates the
optical spectra of 2, 3, 4, and 5 Kerr comb multiplexing,
from top to bottom. The rf spectrum of the comb states in
the 0—400 MHz band is shown in Fig. 4(c). Among the
four comb states, state i, ii, and iv feature low noise.
Nevertheless, we do not claim that every comb here is in the
single soliton state, because the mixed measurement of
interferogram for 5 comb multiplexing needs > 40 GHz
bandwidth in heterodyne characterization, and the mixed
temporal trace of them is too complex to be well distin-
guished. For case iii, the rf noise is high, meaning there is at
least one chaotic comb inside.

Taking advantage of the propagating direction difference
of the intracavity frequency combs, we can easily measure
the two-comb interferograms, by further down mixing the
beat notes electrically using a 10 GHz sinusoidal signal.
From top to bottom, Fig. 4(d) plots the temporal traces of
several dual-comb pairs. Here the colored arrows present
the comb circulating directions, corresponding to Fig. 4(a).
For instance, in case i, both the CCW comb (driven by the
PL) and the CW comb (driven by the first order BL) are in a
single soliton state, temporal delay per round-trip of them is
117.65 ns (Afp, = 8.5 MHz, see Fig. 2), as the blue curve
plots. In case ii, the CCW circulating comb driven by the
PL is a single soliton, but there are four solitons in the CCW
circulating comb driven by the second order BL, we see
thus each cluster has 4 pulses in the down-mixed signal. In
case iii, we know the CCW circulating comb driven by the
PL is a single soliton (it appears first), and the copropagat-
ing dual-comb interference delivers equidistant pulse train
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FIG. 4. Microcombs multiplexing using cascaded Brillouin
lasers. (a) Single PL generates cascaded BLs in distinct mode
families, from i to iv, up to 4 BLs are generated. Colored arrows:
PL and cascaded BLs. (b) Co-excitation of multicomb in a
single microresonator. From i to iv, in every bunch one can see
2-5 comb lines. The equally distributed line-to-line spacing is
determined by the A fpg. (c) Measured rf spectrum (0400 MHz)
of case i to iv. (d) Dual-comb interferograms in case i to iv. In the
dual-soliton heterodyne, stable pulse clusters demonstrate a
stable Afep.

(period 12 ns, Af, = 83.3 MHz). We speculate that the
comb generated by the 2nd BL is also a single soliton.
On the other hand, the interferogram in the CW direction
demonstrates chaotic features, suggesting that there is at least
a noisy comb in the CW direction. Finally, in case iv, we
observe 5 pulses in each cluster. The versatile dual-comb
signal collected from either the “CW” or the “CCW?” direction
of such a multiplexed comb system offers a flexible tool for
advanced applications such as optical frequency domain
reflectometers [42,43] and vernier spectrometers [44,45].
In summary, by using a single PL and its stimulated BL
excitations, in situ generation and spatial multiplexing of
soliton microcombs in a single over-modal microresonator
are demonstrated. Via tuning the PL frequency, both
forwardly and backwardly circulating Kerr solitons could
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be simultaneously excited. These two solitons have excellent
mutual coherence, with an optical frequency offset of
~10.48 GHz, offering a scheme to realize dual comb
interferometry conveniently. Careful mode selection enables
the repetition rate difference of a dual-comb pair to be
flexibly switchable, in a range of 8.5 to 212 MHz, exper-
imentally. Moreover, we demonstrate that the BL. generation
could be cascaded, suggesting a way to co-generate up to 5
space-multiplexing frequency combs in varied mode fami-
lies. This practically flexible and easily scalable method
helps to improve our understanding about Brillouin-Kerr
nonlinear interactions in microcavities, and inspires the
simplification and integration of microcomb systems. It
may show unique potential to extend the capabilities of
microcomb interferometry based platforms in wide applica-
tions such as metrology, spectroscopy, and LiDAR.
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I. FABRICATION OF THE OVER-MODAL MICROSPHERE RESONATOR

Fig. S1(a) shows the fabrication flow and pictures of the microresonator used in our experiment. We applied
arc-discharge fusing method to prepare our microresonator samples. First, we prepared silica fiber with removed
coating (about 1 c¢m) at one end, then put it in a programmable fiber fusion splicer (FITEL S184) and fixed the
end of the optical fiber a few millimeters beyond the discharge electrode. Then, we erected the fiber fusion splicer
for stabilization. Finally, we ensured that the end of fiber is clean via discharging for 40 ms for removing impurities
from the fiber surface and then arc-spliced the fiber for 4000 ms. After a few seconds of cooling, the microsphere
resonator was fabricated. Benefiting from our programmable fiber fusion splicer, the arc discharge power, discharge
duration, and discharge position were precisely controllable, and able to prepare different samples in diverse sizes.
The microspheres prepared by this method can have ultrahigh Q values (~ 108). To verify the smoothness of the
surface, we utilized the scanning electron microscope (SEM) to check the microsphere resonator, as shown in Fig.
S1(b). Fig. S1(c) exhibits our packaged portable dual-comb generation device, which includes a bonder, an optical
fiber polarization controller and a temperature controller. The microresonator is fixed at the center of the cross-type
metal bonder, which has a transverse groove to place the tapered fiber. When the coupling position of the tapered
fiber and the microresonator is corrected, we fix the tapered fiber with ultraviolet glue, shut the cover of bonder and
tighten it with screws.

(a)

» : : Fusing :
Cleaning

Silica fiber ‘ Microsphere | )

¢

(b)

Fig. S 1: Fabrication and characterization of the microresonator. (a) Fabrication flow. (b) SEM images of
the microresonator sample. (c) Images of the packaged dual-comb generation device.

II. PROPERTIES OF THE OVER-MODAL SILICA MICRORESONATOR

By using the finite element method (FEM) in a commercial software COMSOL Multiphysics, we simulate the mode
field distribution of several typical modes in our microsphere resonator, as shown in Fig. S2(a). In this simulation, we
use the following parameters: microsphere diameter 570 pm, silica material index 1.446, central wavelength 1550 nm.
In this simulation, we map the normalized intensity of the electrical fields. Based on the FEM simulation, we also
include the group index ng of these modes, as Fig. S2(b) shows. From TE¢; to TEgs mode, and TMg; to TMgs mode,
ng decreases with the increasing mode order. In practice, there are much more transverse mode families (for instance
the dashed curves show the ng of TE{; to TE5 and TMy; to TMi5 mode), which enable very rich mode-to-mode
interactions for the Brillouin laser generation and comb formation. It is clear that a higher order mode has a relatively
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larger mode volume and smaller ng. Free spectral range (D;/2m) of a mode family is written in

D1 C
o gl M
T Ng
Here L is the cavity perimeter, n, is the group index. This suggests that for varied mode families, D; could be
different. The repetition frequency difference between the PL- and BL-based comb is related to the group refractive
index of the PL and BL mode (npy, and npp,) via

ADl C _ _
Afrep = o I npL — ngp (2)

We also note that when the dual comb repetition frequency difference is too large meanwhile the optical span of the
comb is broad, RF spectral aliasing would happen, as frequency difference of the pump-Brillouin lasers is typically
limited by Afpp ~ 10.48 GHz. In Fig. S2(c), we simulate the beat notes (101 lines) of dual comb with 10 MHz
repetition rate difference and 330 MHz repetition rate difference respectively. Spectral coverage of the dual comb
beating with A fr.p, = 10 MHz is 1 GHz, while spectral coverage of the dual comb beating with A f.., = 330 MHz is
33 GHz, which exceeds A fpg and causes aliasing in the RF spectrum.
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Fig. S 2: Properties of the over-modal microresonator. (a) Simulated electrical field distributions of 10
transverse modes in a silica microsphere resonator, whose diameter is 600 pm. (b) Calculated group index of different
mode families. Wavelength range: 1540 nm to 1560 nm. (c) Assuming there are two dual-comb pairs with both 101
comb lines, this panel show the cases of the dual comb beats. Left panel: A f;o, = 10 MHz; right panel: A frop = 330
MHz. Each panel contains 101 beat notes.

Referring the relationship 8 = ngw/c, and B, = d™f/dw™, we numerically calculate the high order dispersions of
the TEg; - TEg4 modes in Fig. S3. Here n, is the group index, w is the optical frequency, c is the light velocity. One
can observe that both the chromatic dispersion 35 and the 3rd order dispersion 33 of a higher mode order goes higher.
For instance, at 1550 nm, 35 of the TEqg;/TMy; approximately equal to -89.1 fs?/mm, while B2 of the TEqgs/TMog4
approximately equal to -93.7 fs?/mm & -92.3 fs?/mm. Meanwhile, at 1550 nm, 33 of the TEqy; /TMp; approximately
equal to 5.18 fs3/um, while 83 of the TEgs/TMg4 approximately equal to 5.29 fs®/um & 5.25 fs?/um.

We measure the transmission spectrum of our over-modal microresonator, by using a tunable laser (Santec T'SL-
710) under 1 mW power (far below the nonlinear threshold). Fig. S4(a) plots the transmission spectrum in 5 nm
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Fig. S 3: Calculated §; and (3 of some mode families for example.

range. Here we can see the mode clusters distributed regularly in every free-spectral-range (FSR, ~112 GHz). There

are more than 120 resonances in each cluster.

Such a high mode density provides us rich opportunities to find

specific resonances for cascaded Brillouin laser excitation. In Fig. S4(b), we measure the Q factors of distinct mode
families in the band 1550 nm to 1552 nm. Specifically, for the mode TEg;, TEg2, TEps, and TE;;, Q factor decreases
from 1.12 x 108 to 0.88 x 108; for the mode TMg;, TMgs, TMos, and TM;;, Q factor decreases from 1.24 x 10% to
0.92 x 10%. These numbers are high enough for soliton generation. Referring to the parametric oscillation threshold
Pinth = mnowoAest /42 D1 Q? (a few milliwatts under current experiment conditions), a 50 mW pump laser power is
sufficient for dual-soliton formation. In the above equation, ng is the refractive index at the pumping frequency wy,
A is the mode area, n characterizes the bus-cavity loading, ng is the 3rd order nonlinear index, D is 27 times the

cavity FSR (equals to the comb repetition rate).
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Fig. S 4: Passive transmission of the over-modal microresonator.

wavelength range 1548 nm to 1553 nm. (b) Measured single resonances.

(a) Measured transmission in the
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III. INTERACTIONS OF THE PUMP LASER, THE BRILLOUIN LASER AND THEIR KERR COMBS

The stimulated Brillouin scattering (SBS) [1] is classically described as a nonlinear process between the pumping
wave and the Stokes wave via acoustic interaction, which modulates the media index effectively. In quantum optics,
this process is also regarded as the annihilation of a pump photon with the generation of a Stokes photon and an
acoustic phonon. Phase matching condition of the SBL is Qa4 = wp, — ws, ka = kp — ks. Here Qa, wp, ws are the
acoustic frequency, pump frequency, Stokes frequency, while kA, k,, ks are wavevectors of the acoustic wave, pump
wave, and Stokes wave respectively. Qa and ka are related by Q5 = va|ka|, where va = 5.7 km/s is the velocity of the
acoustic wave in silica. As va < ¢, Brillouin laser can only be generated in the opposite (backward) direction of the
pump laser, meaning that |ka| = |kp|+ |ks| ~ 2|k,| and therefore QA ~ 2va|k,| ~ 27 x 10.5 GHz. Typically in silica,
the Brillouin gain bandwidth is narrow, on a level of several MHz, comparable to the resonance linewidth. Therefore,
Brillouin lasing happens when there is a high Q resonance within the gain bandwidth, and the lasing frequency lies
between the center frequency of the resonance and the gain peak. Here in our high Q over-modal silica microresonator,
both SBS and Kerr nonlinearity are present, which are responsible for Brillouin lasing and microcomb generation,
respectively. To investigate the process of counter-propagating dual-comb formation, a set of coupled mode equations
incorporating the dynamics of the forward, backward, and acoustic (density) wave fields is introduced (see [2] and
Ref [40] in maintext, where only Brillouin scattering is present):

dA YA ; Jetoa
d—t“ =— [7 + i(wya — woa — MDlA)} A, + Z4TL(2),00 K Bopduo
+ 19K, AA Z Apy Aps AZl-HW—H + 2igx,AB Z |Byuy ‘ZA” + Fexp[=i(wpr = woa)t]0u
H1s2 m
dB, B . - YeWoB *
= [ 4 i — won — #Di1s)| B+ o K A0 3o (3)
+igkpe Y B BBy + 2igxk.a8 Y | A 2B,
M1z #
dp r Q-2 0% 12
el (e I ks - Sl = KAyBg§
dt <2JrZ 20 )P ptobo

where A, and B,, are the slowly varying field amplitude of the pth mode in the forward (c.c.w.) and backward (c.w.)
direction referenced to the frequencies woa +pD1a and wop + pD1p respectively, with w, 4 (g) the resonance frequency
of the puth mode, and Dy (g)/27 the FSR of the respective mode family. Note that p = 0 denotes the pump mode
in the forward direction and the Brillouin lasing mode in backward direction, and the resonance frequencies can be
described by the parabolic dispersion: w;AB) = woa) + Dia®)i + D2A(B),u2/2, where Dy gy denotes the second
order dispersion. p is the amplitude of the acoustic wave referenced to 2 = wpa — woB. YA, 7B, and ' are the loss
rate of the optical and acoustic modes, €, is the central Brillouin frequency shift, v, is the electrostriction coefficient,
ng is the refractive index, pg is the material (silica) density, and K represents the overlap of the forward, backward,
and acoustic waves. I, = [a + [p is the angular momentum of the acoustic wave, R denotes the resonator radius, and
du0 is the Kronecker delta function. gk aa(sp) and gk ap are the Kerr self- and cross-phase modulation coefficients,
wpr, is the pump laser frequency, and F' is the pumping term (taken as a positive real value).

The above equation set does not yield a steady-state solution for the field amplitudes, as the fields A,, By, and
p are not referenced to their real oscillation frequencies wpr, + pD1a, wpr + pDis, and §,, where wpr, (€2,) is the
frequency of the Brillouin laser (density wave), with wpr, — wgr, = §2,. This problem can be remedied by defining

A, = Aemiont
B/; _ Bue—zagt (4)
p/ — pe—io‘pf

where 04 = woa —wpL, 0B = WoB —WBL, and 0, = Q—Q,, with 0o = o +0,. The coupled equations then transforms
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dA . ;o
e [%A + (WA — wpL — MDM)} A+ Z QOA KByp 8,0
tigkaa D Ay AL AL 4+ 200k AB Z B, A, + Fé,0
H1,p42 H1
dB . -
Tt# = — {77]3 + i(w#B — WBL — ,U,DlB)} B +1 Z 20B KA (5#0 (5)
+ igK’BB Z BHl Buz Bu*lJer*H + 2igK’AB Z |AIL1 |2B
1,142 H1
dp' r /0 -02 rE0e !
L - b KA By
a {2“( 20 To0) | Tig gl

Other than the trivial solution BLL =0, p' =0, there exists another solution for the amplitude and frequency of the
optical waves and the acoustic wave, which should be our focus here.

While it is impossible to solve the coupled equation set analytically for the entire soliton generation process (e.g.,
the chaotic MI comb is not even a steady state), we focus on several points of importance, namely the onset of
Brillouin lasing and comb generation. Without loss of generality, we obtain the nontrivial steady state solution prior
to the BL-based comb generation, with the assumption that the forward field also reaches a steady state

B w+T A 20 g+ T 9K,BB| Dy JK,AB 1

1258

r / / 02 -0
<0A — gi.88|Bo|® — 20K aB Z 1A, |2> - B b

Up:'yB—f—F - '7B+F 20
+ T

tan (¢ao0 — ¢Bo — ¢p) = — , = /

/ an2poTyOR? | _
A 2 _ ZoF0- TBRRAE s 2 _ _
A T sin”™“ (¢a0 — ¢Bo — ¢p)

!’ 1
[ByI2 = — |2F|4g|cos (da0) — 7a Z 4,17

€07el

lp|=— QFQ;%Z |A |\B0|sm(¢A0 — ¢B0 — ¢p)

Note that | By|? > 0 is required for the nontrivial solution to be meaningful (a threshold condition for SBS), otherwise
the system would be in the trivial steady state. Here ¢ 9, ¢Bo, and ¢, are the argument of A, B, and p respectively,
and (¢ao — ¢Bo — ¢p) = —m/2 (or equivalently oa — gk, 88| By|? — 20k AB > \A/ |2 4+ (22 — Q?)/2Q = 0) represents
optimal phase matching for SBS. According to Eq. S6, Brillouin lasing requires good phase matching, otherwise |A |2

would be large, which may result in a negative \BO|2 Note that the frequency of the Brillouin laser and the optimal
phase matching condition can expressed as

r / /
wBL, = <woB — gk.BB|Bol* — 20k a8 D |4, |2> + 5 B (wpr, — )

+T +T
B " B (7)
woB — 9x.BB|Bol? — 29K .AB Z 1A, 2 = wpr, — O
M1

where |, — Q| <  is assumed so that (92 — 02)/2Q ~ Q, — Q. The terms in the two brackets represent frequency of
the Kerr-effect-shifted resonance and the peak of Brillouin gain spectrum, respectively. When they are equal, optimal
phase matching is achieved.
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The above coupled equation set is derived in the frequency domain and can be transformed into the time domain[3]:

oA A Dyp 9*A’ T pde Jeton

—_— == A APA +2i BI2P=2) A KB F

5 (2 +ZUA) i e +igkaalA [PA + 2igk aB /o |B | o +i e 0P +

0B’ B Dys &*B' "o o /27T 12dg YeWOB 5 41 1

— = — B —_— B|°B +2 AR\ B KAyp 8
o (2 —HOB) +1i 2 042 +igx BB|B | + 219K ,AB ; |A | o +1 4n2p0 0P (8)
dp’ r . [o-o o e0ve b

S ) e Sl o kA B

dt [2“( 20 )P T ' 0

where A" = Zu A;L exp (ipug) and B = Zu B; exp (iug). Note that A’ and B’ are in electric field units, and p is in
the unit of density. To facilitate numerical simulations, we rewrite the time domain dynamical equations to resemble
the Lugiato-Lefever equation (LLE)

0A YA Dyp 02A oo de\ « = . =

5= (7+20A)A+l 2 057 +ZQKAA|A|A+229KAB</O |B| o A+iBop+ F

0B 7B Dop 9°B moode\ 5

P Z=bZ = —- * 9
5 ( 5 —HUB)B-H > 99 +igk,pe|B|* B + 2ijk AB </0 |Al o B +iAop (9)
dp r /o-0? _ o hwgB2K? L

e el il H —A Bj

at [2 “( 20 7 ) | P R Ry 00

Here, A = 2o A, exp (ipg) and B = M B, exp (ip¢), where |A,|? and |B,|? denote the photon number in the uth
mode, p is in the unit of s71, gk i; = hwgnac/ndVi;, where V;; is the optical mode volume and cross mode volume
for (i,7) = (A,B), and F = v/ Yex Pin/hwg, where ey is the coupling loss rate and P, is the pump power. Using the
above equations, we numerically calculate the dual-soliton solution, as shown in Fig. S5. The parameters used in the
simulation are wy/2m = 193 THz, va /27 = 1.93 MHz, vg /27 = 2.58 MHz, I'/2r = 7.74 MHz, (0% — Q?)/2Q = 14.5
MHz, gk aa = Jx.BB = 20k.AB = 3.0 x 1073571, ng = 1.45, 7. = 1.5, pg = 2200 kg/m?, R = 300um, /27 = 10.48
GHz, and K = 0.5.
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Fig. S 5: Simulation of dual-soliton coexistence. (a) Temporal waveform of PL and BL soliton at normalized
detuning 204 /v4 = 6.9. (b) Dual-soliton spectra at the same detuning. (c),(d) Evolution of PL and BL soliton
when increasing the pump laser detuning adiabatically. Top panel maps the temporal evolution; bottom maps the
spectral evolution.
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Next we analyze the noise performance of the dual-comb beat note. First, we consider the factors influencing
the repetition rate difference between the pump laser based soliton and the Brillouin laser based soliton Awyep =
|wrep, P, — Wrep,BL| and its noise performance. Note that the soliton repetion rate does not necessarily equal to the
FSR, as other effects like Raman interactions and dispersive waves may alter the repetition rate [4]. In experiment,
the repetition rate difference between the dual-comb pair is mainly determined by the FSR difference (Eq. S2), as
no obvious dispersive waves and Raman induced spectral red-shifts are observed in the measured optical spectra.
Nevertheless, both the Raman and dispersive wave interactions can convert fluctuations in laser detuning into the
noise of the comb repetition rate. As the FSR is dependent on the group refractive index, which is then related to the
cavity temperature (controlled by a thermoelectric cooler in experiment), a thermal fluctuation would induce noise
in the repetition rate signal. Such a thermal noise is strongly suppressed in the Aw,¢p signal, because it is mainly a
common mode noise for the PL and BL mode and is canceled out in Awyep. For the PL- and BL-based soliton comb,
the phase noise of the nth comb line is given by:

Apprn (t) = AppL(t) + nA‘Prep,PL(t)

10
ApgL,n(t) = AppL(t) + nAYrep L (1) (10)

where Aprep,pr. and Apyep L are phase fluctuations in the repetition rates, and Aypy, and Apgy, are inherent noise
of the lasers. Since the Brillouin laser is generated by the pump, Appr, and Apgy, could be almost cancelled (limited
by the acoustic mode Q factor) at the coherent receiver during the dual-comb beating process when the optical path
difference between the two combs is significantly shorter than the coherence length [5]. The total phase noise of the
nth comb line in the dual-comb beat note is:

Sn(f) = Safes(f) +n*Sas., (f) (11)

where S (f) and Say,,, (f) are phase noise of the PL-BL beat note and the repetition rate difference.

Experimentally, we measure the correlation of pump laser frequency and the Brillouin laser frequency using an
optical spectrometer. Fig. S6(a) plots the optical spectrum in range of 1549.5 nm to 1550.5 nm, inside one can see
both the pump laser and the Brillouin laser. The blue curve plots the original state, where two solitons have already
been generated by the pump laser and the Brillouin laser respectively. Then we further red-tune the pump wavelength,
as the orange and the grey curve shows. Specifically, when the pump laser wavelength shifts from 1549.998 nm to
1550.01 nm and 1550.034 nm, the Brillouin laser shifts from 1550.088 nm to 1550.094 nm and 1550.105 nm. In Fig.
S6(b), we summarize this linear correlation, which agrees with the theoretical trend (Eq. S7). By red-tuning the
pump laser wavelength 0.036 nm (= 4.5 GHz), red-shift of the Brillouin laser is only 0.017 nm (=~ 2.1 GHz).
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Fig. S 6: Measured red-detuning of the Brillouin laser corresponding to the pump laser. (a) Local
spectra containing the pump laser and the Brillouin laser, initially they are already in the red-detuning region of their
resonances. (b) Black dots: Correlation of the wavelength shifts between the pump laser and the Brillouin laser.
Orange curve: estimated shift of the resonance where the Brillouin laser is located at.

In experiment, the over-modal nature of our microsphere provides a possibility that cascaded Brillouin lasers can
be generated, when the cascaded Brillouin gain regions overlap with more than one resonances. Fig. S7(a) shows
the measured Brillouin gain band of a section of the silica fiber (we use it for the microsphere fabrication). This
gain band is measured under a pump power below lasing threshold. The measured Brillouin frequency conversion is
A fpp ~ 10.46 GHz, with a gain bandwidth AG =~ 62 MHz. When we want to generate a Brillouin laser, it is essential
to ensure that a resonance can be included in the Brillouin gain band. Note that the above two parameters (A fpp
and AG) are fixed by the material. In Fig. S7(b), we plot the transmission spectrum of our microcavity (193.5 THz



145

146

147

148

149

150

151

152

153

154

155

~ 193.55 THz, or 1549.99 nm ~ 1550.49 nm). In this range, we can find chances to generate 0 ~ 4 Brillouin lasers
deterministically. For instance, Fig. S7(c) shows 2 detailed examples (case 4: no BL can be generated, case 4i: 4
BLs can be generated). In case 4, there is no resonance within the Brillouin gain band ~ 10.46 GHz below the pump
mode. In case 12, 4 cascaded Brillouin gain regions overlap with 4 resonances.
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Fig. S 7: Principle and deterministic generation of cascaded Brillouin lasers. (a) Brillouin gain region in
the silica fiber, which is used in the microcavity fabrication. Green dots: measured data, black curve: Lorentz fitting.
(b) Transmission of our microcavity, in the band 193.5 to 193.55 THz. (c) For two different pumping mode, two
cases that cascaded Brillouin lasers cannot and can be generated.

IV. GENERATION AND CHARACTERIZATION OF DKS IN THE OVER-MODAL MICRORESONATOR

Fig. S8(a) shows our experimental setup for comb generation. First a tunable ECDL (external cavity diode
laser, Santec TSL-710, typical linewidth 200 kHz, tunable range 1480 ~ 1640 nm) is used to as the pump laser.
The tunable ECDL is amplified by using a high power / low noise EDFA (erbium doped fiber amplifier, Max-ray
photonics, EYDFA-HP-C-BA-30-B) through a FPC (fiber polarization controller) and then launched into a tapered
fiber (diameter ~ 1 um), for the bus-cavity coupling. We use a TEC (thermal electrical cooler, Thorlabs TC-200) to
accurately control the temperature, with resolution 10 mK. Between the microresonator and the FPC, we insert a
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circulator to measure the comb propagated backwardly. The generated combs are measured in OSA (optical spectrum
analyzer, Yokogawa 6370D) and ESA (electrical spectrum analyzer, R&S 0 ~ 43 GHz). For obtaining better comb
stability, we also use NKT Koheras BASIK E15 (with 1.5 nm tunable bandwidth around 1550 nm) as the pumping
laser.
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Fig. S 8: Generating the DKSs. (a) Experimental setup. EDFA: erbium doped fiber amplifier, FPC: fiber
polarization controller, PD: photonic detector, OSA: optical spectrum analyzer, ESA: electrical spectrum analyzer.
(b) Spectral examples. Besides single soliton, other soliton states such as 2-4 solitons per roundtrip are also observable.

In experiment, besides the single soliton state, there also appears multi soliton states, in both forward and backward
direction, determined by the laser detuning. Fig. S8(b) plots the spectra of several multi soliton states for instance.
From left to right, we demonstrate a two-soliton state, a three-soliton state and a four-soliton state. All these states
have low intensity noise in the RF domain.

In Fig. S9, we show the scheme to measure the linewidths and relative intensity noises of the pump / Brillouin
laser, and the comb lines. First, Fig. S9(a) demonstrates the experimental setup for the heterodyne measurement.
By filtering the forward and backward propagating laser line and comb line, we measure the linewidth and noise of
the pump laser driven DKS and the Brillouin laser driven DKS respectively. Specifically, a wavelength selectable
switcher (WSS, WSS- Santec wss-1000) is used to filter out the laser line or a single comb line of the DKS. Then a
1:9 coupler divides the line into two propagating paths. The 90% part of the signal passes through a fiber optic delay
line (~50km), and the other is modulated by the acoustic-optical modulator (AOM, AOM-GOOCH & HOUSEGO
T-MO080-0.4C2J-3-F2P) with a frequency shift of 80MHz. Finally, the two signals are coupled back and detected in a
photodetector, thus we obtain the heterodyne frequency spectrum after auto-correlation releasement.

Fig. S9(b) plots the laser linewidth of our Santec TSL-710, and the first comb line (single soliton state) excited
by this laser instrument. Linewidth of the TSL-710 at ~ 1550 nm is 230 kHz, correspondingly linewidth of the first
single comb line at ~ 1551 nm (single soliton state) is 242 kHz. Fig. S9(c) plots the case when we change the Santec
TSL-710 (widely tunable laser) to the NKT Koheras BASIK E15 (low noise single-frequency laser with < 200 GHz
tunable band). Linewidth of the NKT-E15 at ~ 1550 nm is 110 Hz, correspondingly linewidth of the first single
comb line at ~ 1551 nm (single soliton state) is 140 Hz. Fig. S9(d) and (e) plots the relative intensity noises (RINs)
when we use the two different laser instruments. RIN is obtained by using an electrical spectrum analyzer and an
oscilloscope (1.25 GHz band width, 4 GHz sampling rate). In the electrical spectrum analyzer (with an appropriate
resolution bandwidth, RBW), we get the noise of photodetector(Py(f)) under the condition of empty-load. Then, we
measure the signal of DKS in the photodetector, and the voltage average value of the signal (E[z(t)]) is obtained by
an oscilloscope with the fixed loading resistance Ry, = 50€). Finally, we obtain the power spectral density of the signal
(Pintegrating (f)) from the spectrum analyzer with the same RBW. The RIN of the signal is calculated according to
the formula:
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In these two panels, we see RIN of the DKS line obeys the characteristics from the pump laser. When we use the
TSL-710, RIN is about -84 dB/Hz at 1 Hz offset while about -136 dB/Hz at 10 kHz offset. When we use the NKT

E-15, RIN is about -105 dB/Hz at 1 Hz offset while about -139 dB/Hz at 10 kHz offset.
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Fig. S 9: Performance of the pump lasers and their driven DKSs. (a) Experimental setup for optical
linewidth measurement. WSS: wavelength selective switch, AOM: acousto-optic modulator, PD: Photodetector, ESA:
electrical spectrum analyzer. (b) Heterodyne self-beating note of the pump laser (TSL-710) and its first comb line.
(c) Heterodyne self-beating note of the pump laser (NKT E-15) and its first comb line. (d) Relative intensity noise
(RIN) of the pump laser (T'SL-710) and its first comb line. (e) Relative intensity noise (RIN) of the pump laser (NKT
E-15) and its first comb line.

As shown in Fig. 2, we obtain an electrical comb in the RF domain using a photodetector, by combining two solitons
together. Here we discuss the phase noises. There are two important beating signals, one is the Pump-Brillouin offset,
Afpp = 10.4802 GHz, and the other one is the interval between the electrical comb lines, A fie, = 8.5 MHz. Fig.
S10(a) shows the two beat notes specifically, signal to noise ratio (SNR) of both the two beating lines are higher than
60 dB. Fig. S10(b) plots the single-sideband phase noise (SSB-PN) of the them. Specifically, for the A fpp beat note,
we obtain the phase noise reaches -130 dBc/Hz at 1 MHz offset, comparable to the microwave synthesizer using an
on-chip Brillouin oscillator, Ref [26] in maintext. For the Af,e, beat note, the phase noise approaches -120 dBc/Hz
at 1 kHz offset, and -154 dBc/Hz at 1 MHz offset. The low noise of the A f,., beating line benefits from the ‘single
cavity + single pump’ scheme. We also note that noise of the A f,}, is essentially different from the optical noise of the
frep in other reports using just one cavity. In our scheme, since the BL is generated by the PL, noise from the lasers’
fluctuation is correlative and canceled after coherent receiving. Besides, since the two soliton combs are generated
in one single cavity, the detuning-based common mode noise and differential mode noise are avoided, meanwhile the
opto-thermal noise related to the cavity is also effectively suppressed. Fig. S10(c) plots the measured frequency noise
of the PL. Thanks to the high @ cavity, white noise limited linewidth of the PL reaches 6.02 Hz, this number is about
3-folds better than the state-of-the-art Brillouin laser generation using a microdisk resonator, Ref [28] in maintext.
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Fig. S 10: RF analysis. (a) Measured RF of the A fpg beat note and the Af,e, beat note in high resolution. (b)
Measured single-sideband phase noises of the A fpp beat note (blue) and the A fiep beat note (red). (c) Frequency
noise of the Brillouin laser.
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