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Tracing a resonance frequency of a high quality factor (Q) optical cavity facilitates subpicometer displacement
measurements of the optical cavity via Pound–Drever–Hall (PDH) locking scheme, tightly synchronizing a laser
frequency to the optical cavity. Here we present observations of subfemtometer displacements on a ultrahigh-
Q single-crystalMgF2 whispering-gallery-mode microcavity by frequency synchronization between a 1 Hz cavity-
stabilized laser and a resonance of the MgF2 cavity using PDH laser-cavity locking. We characterize not only the
displacement spectral density of the microcavity with a sensitivity of 1.5 × 10−16 m∕Hz1∕2 over the Fourier offset
frequency ranging from 15 mHz to 100 kHz but also a 1.77 nm displacement fluctuation of the microcavity
over 4500 s. Such measurement capability not only supports the analysis of integrated thermodynamical and
technical cavity noise but allows for minute displacement measurements using laser-cavity locking for ultraprecise
positioning, metrology, and sensing. © 2022 Chinese Laser Press

https://doi.org/10.1364/PRJ.449782

1. INTRODUCTION

Length is one of the fundamental physical quantities. The
capability of its precise measurement has a strong impact on
diverse areas in science and technology [1,2]. Rapid and precise
measurements of extremely small displacements are indispen-
sable for the observation of optomechanical dynamical motion
[3–7], Brownian motion [8–10], high-resolution metrology for
forces and fields [11], and calibration of ultraprecise length
standards [12,13]. Laser interferometry through heterodyne
and homodyne principles for subwavelength precision has
led the displacement measurement toward high precision and
minimizing periodic error [14]. Recent research in the laser
interferometric distance measurement, determining a target
distance with single operation, has shown a kilometer-scale
distance measurement with nanometer precision by aid of fre-
quency comb using its direct traceability to the microwave time
standard with various methods [15–18]. However, these laser-
interferometric-based displacement or distance measurements
are practically bounded at subpicometer sensitivities due to

the precision limitation of interferometric phase measurement
[19]. Alternatively, cavity Fabry–Perot (FP) interferometry,
based on tracking the resonance of an FP cavity, is capable
of measuring subpicometer level displacement without periodic
errors [20]. The FP cavity has usually been used to stabilize a
laser frequency by synchronizing the laser carrier frequency to a
resonance frequency of an FP cavity through a Pound–Drever–
Hall (PDH) locking scheme [21]. Isolated high-finesse FP
cavities have played a key role in ultrastable optical frequency
generation and slave clocks for optical lattice clocks [22–24].
Over the last decade, high-Q whispering-gallery-mode (WGM)
microcavities, tolerant to mechanical noise, have been devel-
oped for achieving high-performance optical clocks [25–27],
low-noise microwave oscillators [28,29], and optical frequency
combs with miniaturized system formats [27,30–32]. Comple-
menting and somewhat contrary to laser stabilization, cavity
locking measures displacement on the optical cavity, which
is converted into a resonance frequency change of the cavity,
by measuring the beat frequency with a stabilized laser [33].
This technique demonstrates ultraprecision fiber-optic strain
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sensing. Furthermore, a PDH locking scheme facilitates mea-
surement of Brownian and optomechanical motion of micro-
scale optics as the PDH error signal converts frequency
fluctuations into an electrical signal, which enables fast dy-
namic measurement [34–36].

Here we present real-time measurements of femtometer
displacement on an ultrahigh-Q WGM MgF2 microcavity
through laser-cavity synchronization. A hertz (Hz)-level line-
width laser with 10−15 fractional instability at 1 s averaging time
is implemented for providing a measurement frequency refer-
ence and for interrogating the cavity resonance by shifting
the laser frequency via a single-sideband (SSB) modulator.
We monitor the fluctuation of the MgF2 WGM microcavity
resonance mode in the RF regime by reading out the laser fre-
quency shift when the laser is locked to the microcavity. Over a
Fourier offset frequency range of 15 mHz to 100 kHz, the dis-
placement power spectral density of the MgF2 microcavity
achieves a sensitivity of 1.5 × 10−16 m∕Hz1∕2, corresponding
to a frequency noise of 2.6 Hz∕Hz1∕2. We quantitatively ana-
lyze the cavity length stability of the MgF2 WGM microcavity
from 10 μs to 464 s. Our proposed scheme potentially allows
not only the measurements of subfemtometer displacements
but also the analysis of frequency noise in optical cavities
simultaneously.

2. RESULTS

A. Measurement of Sub-fm∕Hz1∕2 Displacement
in a MgF2 WGM Single-Crystal Microcavity
Figure 1 shows the schematic of subfemtometer displacement
measurement for the MgF2 WGM microcavity. Our proposed
system consists of a 1 Hz ultrastable interrogation laser and a
microcavity under test with the synchronization electronics.
The interrogation laser is tightly stabilized to an ultrastable op-
tical cavity and provides a frequency reference point (f ref ). The
flexibly shifted laser frequency (f SSB) via an SSB modulator is
used to interrogate a resonance mode of theMgF2 WGMmicro-
cavity (f WGM) [37]. Since the reference laser frequency stability
is far better than the stability of the microcavity resonance fre-
quency, the resulting frequency deviation of the SSB modulator
(Δf SSB) is equivalent to the fluctuations of the MgF2 WGM
microcavity resonance frequency (Δf WGM) when the shifted
laser frequency is locked to the microcavity resonance. Since
the SSB modulator frequency (f SSB) is in the RF regime, fre-
quency fluctuations of the MgF2 WGM microcavity resonance
mode can be analyzed in the RF regime as shown in Fig. 1(b).
The optical path length variation of theMgF2 WGMmicrocav-
ity (ΔLWGM) can be simply determined as ΔLWGM∕LWGM �
Δf WGM∕f WGM. Note that LWGM includes the refractive index
of the MgF2 WGM microcavity in this study.

Figure 2 depicts the experimental setup of the subfem-
tometer displacement measurement of the MgF2 WGM
microcavity with a PDH locking scheme. A cavity-stabilized
continuous-wave laser with 1 Hz linewidth, 10−15 fractional
stability at 1 s, and 0.1 Hz/s drift rate (Stable Laser Systems
SLS-INT-1550-100-1) at 1565.54 nm is used as a frequency
reference in this study. The SSB modulator (iXblue photonics
MXIQER-LN-30) imparts a frequency shift around 5 GHz
(f SSB) to interrogate a resonance mode of the MgF2 WGM

microcavity. An erbium-doped fiber amplifier (EDFA) in-
creases the output power to compensate for optical losses along
the beam path. A fiber Bragg grating filter (FBG, JDSU
TB90226) is used to suppress the amplified spontaneous emis-
sion (ASE) noise and set to maximize the intensity of the fre-
quency-shifted laser power. The output beam is sequentially
phase-modulated through an electro-optic modulator (EOM,
Thorlabs LN53S-FC) with a fixed 15 MHz (f EOM) driving
frequency for the PDH lock. Finally, the output beam with
≈50 μW is coupled into the MgF2 WGM microcavity pack-
aged with a photodetector. The device is mounted in a vacuum
chamber with 4 × 104 vacuum level (53 mPa). The MgF2
WGMmicrocavity has an ultrahigh-Q factor of 2.1 × 109 [38],
with free spectral range (FSR) of 26.5 GHz, which corresponds
to a 11.31 mm optical cavity length (LWGM).

The PDH error signal, demodulated by a double-balanced RF
mixer and RF low-pass filter, is generated near the MgF2 WGM
microcavity reference with a sharp sensitivity of 1 MHz/V over
475 kHz as shown in the inset of Fig. 2(a). The PDH error signal
is split into two branches for frequency synchronization and
analysis. The PDH error signal is fed to a proportional-integral
(PI) servo controller (New Focus LB 1005) and the closed loop
generates a control signal for synchronizing the laser frequency to
the cavity resonance frequency. The control voltage signal is then
fed to the voltage-controlled frequency modulation port of the

Fig. 1. Conceptual image of sub-femtometer∕Hz1∕2 scale displace-
ment measurement. (a) Architecture of the sub-femtometer∕Hz1∕2

displacement measurement. A laser stabilized to reference cavity
with 10−15 fractional stability at 1 s is used as a frequency reference,
while an SSB modulator locks the laser frequency to the WGMmicro-
cavity resonance mode. (b) Frequency-domain configuration of sub-
femtometer∕Hz1∕2 displacement measurement. The reference laser
frequency (f ref ) is shifted with SSB modulator by f SSB to lock to
the microcavity resonance. Since the reference laser has 105 higher
fractional stability than the microcavity, a fluctuation of frequency shift
(f SSB) reflects the fluctuation of the microcavity.

Research Article Vol. 10, No. 5 / May 2022 / Photonics Research 1203



RF synthesizer (Stanford Research Systems SG384), which shifts
the synthesizer output frequency. The range of frequency shift
(Δf SSB) is set to be �10 MHz, which has linear relation with
control voltage from −1 V to �1 V, corresponding to 0.59 nm
displacement of the optical cavity length. Consequently, the
servo-controlled driving frequency to the SSB modulator syn-
chronizes the laser frequency to the cavity resonance. A fast
Fourier transform (FFT) analyzer (Stanford Research Systems
SR770) is used for measuring the high-frequency noise up to
100 kHz, and frequency noise associated with displacement fluc-
tuation is determined by measuring the control signal [39].
A frequency counter simultaneously records the driving frequency
to the SSB modulator for monitoring low-frequency noise with
a 10 Hz update rate. More measurement information on the
PDH error signal and control signal analysis is detailed in
Appendices A and B.

B. Dynamical Measurement of the MgF2 WGM
Microcavity Displacement Fluctuation
To minimize the influence of technical noise from the sur-
rounding environment, the vacuum chamber is evacuated to
4 × 10−4 torr (53 mPa). Figure 3 shows the frequency noise
power spectral density curves and the corresponding displace-
ments of the MgF2 WGM microcavity. The blue line is ana-
lyzed by the control signal. Since our servo bandwidth is
approximately 500 kHz, provided by the frequency modulation
port of the RF synthesizer, the servo bump does not appear in
our servo control signal frequency noise measured up to
100 kHz. Below 1 Hz offset frequency, the power spectral
density curve falls off as f −2, which implies that drift and ran-
dom walk of the resonance frequency are dominant. From 1Hz
to 10 kHz offset frequency, the power spectral density curve has
an f −1∕2 dependence, illustrating the impact of flicker noise

Fig. 2. Sub-femtometer∕Hz1∕2 displacement measurement setup. (a) The FP cavity stabilized laser provides the frequency reference point. The
PDH scheme generates the error signal to synchronize the reference laser frequency (f ref ) with the MgF2 WGM microcavity resonance mode
(f WGM) using the SSB modulator. Fluctuation of the WGM microcavity is recorded by the FFT spectrum analyzer and frequency counter.
The inset shows the PDH error signal near the MgF2 microcavity resonance. SSB modulator, single-sideband modulator; EDFA, erbium-doped
fiber amplifier; FBG, fiber Bragg grating; EOM, electro-optic modulator; WGM microcavity, whispering-gallery-mode microcavity; PD, photo-
detector; RF synthesizer, radio-frequency synthesizer; RF LPF, radio-frequency low-pass filter; PI servo, proportional-integral servo controller.
(b) Upper figure shows vacuum chamber system. Lower figure shows the optical ring-down measurement of the MgF2 microcavity.

Fig. 3. Frequency noise and displacement on the MgF2 WGM microcavity. The power spectral density of frequency noise and displacement of
the MgF2 WGM microcavity measured by the frequency shift (f SSB) for synchronization between the cavity stabilized laser and the MgF2 WGM
microcavity. The left y axis shows the frequency noise in Hz∕Hz1∕2, and the right y axis shows the equivalent displacement in m∕Hz1∕2 units.
Displacement of 1 fm∕Hz1∕2 corresponds to frequency noise of 16.7 Hz∕Hz1∕2. Frequency noises analyzed from the control signal (blue color) with
frequency synchronization and PDH error signal (yellow color) without frequency synchronization are illustrated for comparison. Pink color denotes
the frequency noise without vacuum, and the orange line denotes the combined thermal noise predictions from our theoretical model. PDH error
signal after frequency synchronization (olive color) and noise floor of PDH error signal (gray color) are also illustrated.
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caused by the residual optical and electrical noises from the un-
suppressed environment. The minimum point of the power
spectral density is 2.6 Hz∕Hz1∕2 at 10 kHz frequency offset,
corresponding to a displacement of 1.5 × 10−16 m∕Hz1∕2.
Note that the sharp and strong peaks from tens to hundreds
of Hz originate from the 60 Hz harmonics of the electrical
power line noise. A rising point over 10 kHz stems from the
frequency noise of the cavity stabilized reference laser due to its
servo bump, and it is not caused by the frequency synchroni-
zation electronics for this measurement.

For verification of the measured power spectral density from
the control signal, the power spectral density, analyzed by the
PDH error signal without frequency synchronization, is also
plotted as the yellow line in Fig. 3 [35]. This reflects solely
the fluctuation of the MgF2 WGM microcavity. The two
power spectral density plots of the control signal and the
PDH error signal are well matched on top of each other from
2 Hz to 100 kHz. Note that the power spectral density of the
PDH error signal provides noise down to a few Hz offset fre-
quency due to the resonance frequency drift of the MgF2
WGM microcavity; the control signal power spectral density
subsequently allows the measurement of noise at even lower
offset frequencies down to 10 mHz.

The orange line shows the theoretically estimated ther-
modynamical noise level of our MgF2 WGM microcavity
[26,40,41]. Discussion on the theoretical noise limits is de-
tailed in Appendix C. The measured noise level is slightly
higher than the theoretically estimated thermodynamical noise
level. This deviation is attributed to the insufficient evacuation
level in our vacuum chamber and unsuppressed thermal fluc-
tuation around the MgF2 WGM microcavity. To evaluate the
vacuum effect, we measure the frequency noise power spectral
density and displacement without evacuation as plotted in
pink. Its power spectral density shows the higher noise at above
1 Hz offset frequency wherein acoustic noise is dominant. In
other words, a vacuum is effective for suppressing environmen-
tal noise. We believe that the lack of vacuum level and the heat
capacitance of the vacuum chamber result in unwanted residual
thermal fluctuations. The measured noise level is well matched
with our theoretical estimate of enhancement with the vacuum
state and the heat capacitance to minimize thermal fluctuation
[26]. The olive line in Fig. 3 shows the PDH error signal after
frequency synchronization, which demonstrates the tight lock-
ing between the interrogation laser and the MgF2 WGM mi-
crocavity. The gray line shows the noise floor of the PDH error
signal, which is the PDH error signal noise when the laser fre-
quency is out of the microcavity resonance mode. Below 50 Hz
and over 10 kHz, the PDH error signal (olive line) after fre-
quency synchronization is higher than its noise floor (gray line).
A slowly varying drift of the zero point of the PDH error signal
due to environmental variations would influence noise below
50 Hz offset frequencies [42,43], while the PDH error signal at
the higher offset frequencies is limited by the cavity stabilized
reference laser.

Figure 4 illustrates the real-time traces of the resonance
frequency and the corresponding displacement variations.
Figure 4(a) shows a typical time-series trace of the MgF2
WGM microcavity resonance frequency at the vacuum level

of 53 mPa. The voltage-controlled input port of the RF
synthesizer is set to be 10 MHz with a �1 V applied voltage
range. The frequency shift (f SSB) of the single-sideband modu-
lator, corresponding to the resonance frequency shift of the
MgF2 WGMmicrocavity, is recorded by the frequency counter
with 10 Hz update rate. Within a measurement time period of
300 s, a displacement of ≈158 pm in the MgF2 WGM micro-
cavity is observed. The slowly varying dynamics of the MgF2
WGM microcavity is estimated to be strongly correlated to the
thermal fluctuations of the WGM MgF2 microcavity [40,41]
induced by sensitivity of the cavity to environmental temper-
ature fluctuations and the recirculating intracavity power,
since the thermal response of the MgF2 WGM microcavity
is relatively slow compared to the other technical noise
responses.

Fig. 4. Real-time trace of frequency shift and displacement on
MgF2 WGMmicrocavity. (a) Example time trace of theMgF2 WGM
microcavity resonance frequency shift during 300 s. Equivalent dis-
placement on the MgF2 WGM microcavity is shown in right y axis.
Inset is a magnified view from 20 s to 60 s. (b) Long-term time trace of
theMgF2 WGMmicrocavity resonance frequency shift with extended
locking range of 30MHz during 4500 s. Inset is a magnified view from
3380 s to 3420 s. (c) Stability of the MgF2 microcavity resonance
frequency. Equivalent fractional stability and displacement are plotted
in the left and right y axis, respectively. The frequency stability esti-
mated from frequency noise as shown in Fig. 3 for the short-term time
(10−5 to 4.6 s) is plotted in blue. The frequency stability from the
frequency counter for the long-term time scale (10−1 to 464 s) is plot-
ted in green and yellow. The results are well matched in overlapped
region of 10−1 to 4.6 s. The olive line is the estimated relative fractional
stability between the frequency-shifted laser and MgF2 microcavity,
bounded by our measurement repeatability.
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For further long-term measurement [Fig. 4(b)], we set the
RF synthesizer voltage-controlled input port to 30 MHz with
a �1 V applied voltage range and measure the resonance fre-
quency of the MgF2 WGM microcavity over 4500 s. During
this measurement, we observe approximately a 30 MHz linear
drift, corresponding to 1.77 nm displacement variation in the
MgF2 WGM microcavity. This drift is estimated from thermal
expansion of the MgF2 WGM microcavity. To quantitatively
analyze the dynamics of the MgF2 WGM microcavity, we
analyze the measurement stability by calculating the Allan
deviation from the data shown in Figs. 3, 4(a), and 4(b).
For the short-term time scale (10 μs to 4.6 s), the power spectral
density of the control signal is used to obtain the Allan
deviation, and the frequency counter data is used for longer
time scale (0.1 s to 464 s). In overlapping region (0.1 s to
4.6 s), the obtained Allan deviations are well matched to each
other. We obtained a stability of the optical cavity length of the
MgF2 WGMmicrocavity from 100 μs to 464 s. The estimated
relative fractional stability of frequency synchronization be-
tween the frequency-shifted laser and the MgF2 WGM micro-
cavity resonance frequency represents the limitation of our
measurement repeatability, and is also plotted as an olive color
in Fig. 4(c).

Figure 5 illustrates the real-time dynamic motion measure-
ment of theMgF2 WGMmicrocavity. An intentional displace-
ment on theMgF2 WGMmicrocavity was made from thermal
modulation of a thermal pad under the mount of the MgF2

WGM microcavity, controlled with 500 μA current from
0.1 to 2 Hz modulation frequencies. Experimental methods
on the MgF2 microcavity thermal modulation are detailed
in Appendix D. We clearly observed a modulated resonance
frequency of theMgF2 WGM microcavity. We also found that
an amplitude of resonance frequency modulation increased
at low modulation frequency as shown in Fig. 5(b). This
modulation-frequency-dependent amplitude of the resonance
frequency modulation seems to be attributed by the slow ther-
mal response of the MgF2 WGM microcavity and the thermal
pad. A variation of the intracavity temperature was estimated to
be less than 1 mK level at a 0.1 Hz modulation frequency. Our
approach can also be extended to measure dynamical subfem-
tometer motional displacements in linear Fabry–Perot cavities
and interferometry. We believe that our proposed method has
the potential for ultraprecision measurement such as futuristic
femtometer displacement measurement using Fabry–Perot
interferometry or sub-millikelvin temperature sensing.

Tracing a resonance frequency of an optical cavity can be
applied in an axial displacement measurement using Fabry–
Perot cavities [44–47]. Figure 6 shows a conceptual view of
axial motional displacement measurement using a Fabry–Perot
cavity. One of mirror of the Fabry–Perot cavity can be mounted
to a target surface. As demonstrated in the main text, our
proposed scheme has a capability of sub-femtometer∕Hz1∕2

scale displacement measurement. Such capability can be ap-
plied in atomic force microscopy (AFM), traceability transfer

Fig. 6. Conceptual schematic of resonance tracking-based subfemtometer motional displacement measurements in linear Fabry–Perot cavities
and interferometry. The red line and blue line correspond to the optical and electrical lines, respectively. The right mirror of the ultrahigh-Q
FP cavity is mounted to the target.

Fig. 5. Real-time measurement of the response dynamics of theMgF2 WGMmicrocavity under thermal modulations. (a) Time trace of dynamic
motion of theMgF2 WGMmicrocavity under thermal modulation with 0.1 to 2 Hz modulation frequency. (b) Amplitude modulation of resonance
frequency of the MgF2 microcavity in relation to modulation frequency while modulation amplitude is fixed to 0.5 mA. Inset is its log-scale plot.
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to nanometer scale displacement measurement, and calibration
of displacement sensors.

3. CONCLUSION

In summary, we have shown an observation of subfemtometer
dynamics on the ultrahigh-Q single-crystal MgF2 WGM mi-
crocavity. The stabilized Hz-level laser with 10−15 fractional fre-
quency instability serves as a fixed reference frequency (f ref ),
which is locked to the MgF2 WGM microcavity by the fre-
quency shift (f SSB) via an SSB modulator. Since the fluctuation
of the reference laser frequency is negligible, the fluctuation of
the microcavity resonance frequency is mapped onto the fre-
quency shift (f SSB) that is subsequently analyzed in the micro-
wave regime. The control signal for tracking a resonance
frequency of theMgF2 WGMmicrocavity is analyzed to evalu-
ate its frequency noise and displacement spectral densities. We
demonstrated dynamical measurements of the microcavity with
ultrahigh-precision sensitivity of 1.5 × 10−16 m∕Hz1∕2 over the
broad Fourier offset frequency ranging from 15 mHz to
100 kHz. Furthermore, we measured the real-time dynamics
of the single-crystal microcavity with 1.77 nm displacement
over 4500 s and quantitatively analyzed its stability from 10 μs
to 464 s averaging time. Our proposed scheme enables highly
sensitive, precise, and fast measurements of the fluctuation in
the optical cavity displacement with reliable traceability to an
optical frequency standard. We believe that the current scheme
can potentially be utilized not only for the frequency noise
analysis of ultrahigh-Q cavities for optical clocks but also for
measuring ultraprecise small displacement to evaluate optome-
chanical Brownian motion, distance measurements, and cali-
bration with traceability to frequency standards as well as
measurements of dynamical motion on microstructures.

APPENDIX A: DISPLACEMENT MEASUREMENT
BY PDH ERROR SIGNAL ANALYSIS

A linear part of the PDH error signal converts the resonance
frequency shift to a DC voltage in the time domain. The
PDH error signal is not only used for the frequency stabiliza-
tion but also the high-speed tracking of the resonance fre-
quency shift. In this study, we use the DC voltage of the PDH
error signal to analyze the resonance frequency shift. First we
tune the reference laser to the resonance mode of the MgF2
WGM microcavity. When near the resonance mode, we fine-
tune the reference laser to be located in the center of the res-
onance mode. The frequency sensitivity of the PDH error
signal is 1 MHz/V. The PDH error signal is then analyzed
by an FFT spectrum analyzer. The power spectral density of
the PDH signal (V∕Hz1∕2) is converted into the power spectral
density of the resonance mode (Hz∕Hz1∕2) with frequency
sensitivity of the PDH error signal of 1 MHz/V. Then the
power spectral density of the resonance mode is converted
into the power spectral density of displacement (m∕Hz1∕2)
of the ultrahigh-Q MgF2 WGM microcavity with relation
of ΔLWGM∕LWGM � Δf WGM∕f WGM. The fluctuations of the
MgF2 WGM microcavity resonance frequency (Δf WGM) are
measured from the PDH error signal. We also note that this
method cannot usually support long-term measurements,
due to drift of the MgF2 microcavity resonance mode.

APPENDIX B: DISPLACEMENT MEASUREMENT
BY CONTROL SIGNAL ANALYSIS

The reference laser, which provides a fixed reference point in
the frequency domain, is frequency shifted by the SSB modu-
lator to be synchronized to the microcavity resonance. The
modulation frequency of about 5 GHz (f SSB) is generated
by the RF synthesizer. We use the voltage-controlled frequency
modulation port of the RF synthesizer to synchronize with a
sensitivity of 10 MHz/V or 30 MHz/V. For evaluation of
high-frequency noise from 1 Hz to 100 kHz, the control signal
is analyzed by the FFT analyzer. The power spectral density of
the control signal (V∕Hz1∕2) is converted into the power spec-
tral density of the resonance mode (Hz∕Hz1∕2) with frequency
sensitivity of the control signal of 10 MHz/V or 30 MHz/V.
The fluctuations of the MgF2 WGM microcavity resonance
frequency (Δf WGM) are measured from the control signal.
The power spectral density of the displacement (m∕Hz1∕2)
of the MgF2 microcavity is determined in the same way as
the PDH error signal based displacement measurement with
the relation of ΔLWGM∕LWGM � Δf WGM∕f WGM.

APPENDIX C: THERMODYNAMICAL NOISE
LIMITS OF THE CYLINDRICAL WGM
RESONATOR

The thermodynamical noise limits of the cylindrical WGM res-
onator are calculated by our theoretical model [40,41]. Here
we consider the major thermal noise sources of the thermal-
expansion noise and the thermorefractive index noise. The
thermodynamical noise limits are numerically quantified by
the form of the frequency noise power spectral density with
units of Hz2∕Hz. The cylindrical WGM resonator has the
radius (r) of 1.35 mm and the rim thickness (L) of 0.025 mm.
The thermal-expansion noise is derived as

S2v�f �tex � v20
kBα2l T

2

ρCV c

2r2∕π2D
1� �2f r2∕Dπ�2 , (C1)

where αl is the thermal expansion coefficient and V c is the vol-
ume of the WGM resonator. The thermorefractive index noise
is evaluated as follows, assuming that r ≫ L:

S2v�f �tre � v20
kBα2nT 2

ρCV m

r2

12D

×
�
1�

�
2πr2jf j
9

ffiffiffi
3

p
D

�3
2 � 1

6

�
πr2f

4Dm1∕3

�
2
�−1

, (C2)

where v0 is the carrier frequency, kB is the Boltzmann constant,
αn is the thermorefractive coefficient of the material, ρ is the
material density, C is the specific heat capacity, V m is the mode
volume, D is the heat diffusion coefficient of the material, and
m is the mode order defined by m � 2πrnλ−1. Thus, the total
thermal noise is evaluated as follows:

S2v�f �thermal � S2v�f �tex � S2v�f �tre: (C3)

APPENDIX D: THERMAL MODULATION OF THE
MgF2 WGM MICROCAVITY

The MgF2 WGM microcavity temperature is modulated by
a heater. The heater installed under the microcavity allows a
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maximum current of 10 mA. An RF synthesizer generates an
input voltage with sinusoidal signal, and a voltage-controlled
current source produces a current proportional to the input
voltage with a gain of 1 mA/V. The heater modulates the tem-
perature of the MgF2 WGM microcavity, resulting in the
modulation of resonance frequency. We note that the modu-
lation of the inertial microcavity temperature cannot be directly
measured with the temperature sensor because the modulation
depth is less than our temperature sensor resolution of 10 mK.
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